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Introduction 


THE IDEA TO DESIGN experiments systematically and with a 
view to their statistical analysis was first promoted by R. A. 
Fisher in his well known book “The Design of Experiments". 
Fisher also proposed the majority of the designs discussed in 
the present volume. Several designs of great importance, notably 
the quasifactorial designs and the incomplete balanced block 
designs, were discovered by F. Yates. R. A. Fisher's book, 
however, as well as other publications by R. A. Fisher and 
F. Yates and their school are not written for mathematicians. 
Thus the main emphasis is placed on the explanation of the 
procedure with little or no attention being paid to a mathe- 
matical formulation of the assumptions and to the principles of 
statistical inference which lead from the assumption to the 
statistical method. Moreover, also in many other important 
papers on analysis of variance and design of experiments proofs 
and derivations of formulae are barely sketched if not totally 
omitted. The present book tries to fill this gap and the main 
emphasis is therefore given to a rigorous mathematical treat- 
ment of the subject. 

In writing this volume the author had in mind a reader with 
a mathematical background of a student, who majors in mathe- 
matics and is in his senior year. References are given whenever 
the text exceeds this background. 

The book is designed to serve three different purposes. First, 
it was intended to enable a mature mathematician with no 
background in statistics to study the analysis of variance and 
analysis of variance designs within a reasonably short time. 
Secondly, it is intended to serve as a text book for a graduate 
or advanced undergraduate course in the subject. Finally, it is 
hoped that this book will be studied by practical experimenters 
and statisticians who wish to study the mathematical methods 


used in the analysis of variance and in the construction of 
e 


ix 


x 


analysis of variance designs and are willing and able to expend 
the time and effort necessary for this purpose. 

My thanks are due to the Iowa State College Press for their 
kind permission to include in this book the tables of the F-dis- 
tribution of G. W. Snedecor’s “Statistical Methods” and to the 
Department of Statistics, University of London, University 
College for their kind permission to republish P. C. Tang’s 
tables of the power function of the analysis of variance test from 
the second volume of the “Statistical Research Memoirs". 

І am indebted to Mr. Ransom Whitney who has assisted me 
in reading the manuscript and the proofs. I also wish to ac- 
knowledge my indebtedness to Professor W. G. Cochran for 
a very helpful letter. 


CHAPTER I 


Chi-square Distribution and Analysis of 
Variance Distribution 


IN THIS CHAPTER certain fundamental concepts of the prob- 
ability caleulus are used. The reader who is not acquainted with 
these concepts should first acquire the necessary background 
by reading, for instance, Uspensky's, "Introduction to Mathe- 
matical Probability,” Chapter XII. Sec. 8, example 3, Chapter 
XIII. Sees. 1-4 and 6, Chapter XV, Secs. 1-6. 

Let Tı , +++ , zy be normally and independently distributed 
variables with variances 1 and means 0. We wish to calculate 
the distribution of the expression 


(1.1) x = +22 +++}. 
The joint distribution of x, , +++ , zw is given by the prob- 
ability density function, 
1 
Pha, ,:, 2) = уу P [Gi + +++ + 20) /2]. 
(2r) 


Hence the probability that 
х#=тш-+ tay < В? 
is given by 


Í (2 y € *? dz, +++ day 
s (2m) 


where S is the sphere with radius R and center 0. The prob- 


ability that 
Е <x? < (В + АВ)? 


is, therefore, given by 
a f «*^ dz, +++ day 


В <x? < (Е + АВ) 
1 


2 
where С is a certain constant independent of R. If we denote 
the probability that x < RE^ by P(x? < E^) we, therefore, 
have 

APG < RY] = Се" Av 
where R? < x" < (R + AR)’ and Av is the volume of the 
spherical shell R? < x? < (R + AR). This volume is given 
by Av = C'R'^'AR. If now AR approaches 0, we obtain 
ар (х < R^) 
dR 

Hence since x? > 0 


= 0” eer qc 


R 
PX < Е?) = Í e" ex? gr dx 
o 


вз 
= OG) uox dy? 
[| (х) e X 
The probability density of x^ is therefore, 
P(x’) = (59-28 ev for x > 0 


= 0 for x* < 0. 
The constant C still remains to be determined. We must have 


C L Gaye ex? а? zs, 


Hence 
1 P 1 By (N=2)/2 „—х?/2 9 2 * ома x panes -x'/28 x: 
= = x’) e* ag = [2 (x) с а = 
b La 3 
= д^ Г 09-2 „-= фу = zr, 
o 2 
where 
г( = f x” e” dz 
0 


is the well known T function. 


Hence we finally have 


9 1 24(N-2)/2 -—x?*/2 
(1.2) PO) 2" r(N/2) GO) е 
The number № їп this distribution is called the number of 
degrees of freedom. 

'This distribution is tabulated in almost every modern book 
on statistics for all degrees of freedom under 31. For larger 
values of N the quantity (2x7)! — (2N — 1)! is approximately 
normally distributed with mean 0 and variance 1. For large 
values of N also (x? — N)/ (2N)! is approximately so distributed. 

If xi has m, degrees of freedom and хг has n, degrees of 
freedom, then xi , (x2) is distributed as is the sum of n, , (na) 
independently and normally distributed variates. Hence we 


have 

Turorem 1.1: Let xå , х5, +- , xs be independently distributed 
variables such that x has the x^ distribution with n, degrees of 
freedom then 


ейи те tx 


has the x^ distribution with m, + na + +++ + n, = n degrees 
of freedom. 


All of the theory of analysis and design of experiments which 
is presented in this book is based on the distribution of the 
ratio of two independent chi-square expressions. We therefore, 
proceed to derive this distribution. 

Suppose that xi is distributed according to 1.2 with n, de- 
grees of freedom, and x2 with n; degrees of freedom and suppose 
that x? and x are independently distributed. The joint distri- 
bution of x? and x? is then given by its density function 


1 
2 эз nss 
Р(х\, x) = 9? n( /2)T(n,/2) 


ру 0) N exp [765 ++ 33/2]. 


4 
We put 


2 
(1.3) Seay xti 


To every pair of values y > 0, z > 0, there exists one and only 
one pair of values xi > 0, x; > 0. We, therefore, obtain the 
probability density of y and z by transforming P(x; , x?) by 
means of 1.3. From 1.3 we have 


ӧл дж 


2 y 
ду дг a cy lt+y Р 
8x — 9x =z Lg Wa 
ду дг (1+ у) l+y 


Hence the “ead density of y and z is given by 


(11-2)/2 ( NS jà 
A 1+0) 2 е 
forz > 0,y > 0, 
and is 0 for either z < 0 ory < 0. 
Integrating out with respect to z from 0 to ~, we obtain the 


density function of y 
т + m) n — 2 
ц o JA 9 


о eund 


Hence the probability that y > y > 0 is given by 


(1.4) Hy) = 


(1.5) [ нә. 


The variable y was defined as the quotient of two independent 
chi-square expressions x; and x; with m, and m, degrees of 
freedom respectively. We shall consider the variable F given by 


5 


The probability of obtaining an F larger or equal to F is ac- 
cording to 1.5 and 1.4 given by 


| u(t Р) т gp 
Р Na Ne 


(1.6) R^ E T([n, + n4]/2) (nin ^ F2? an 
ғ Г/2)Г(п./2) (1 + mF/n (n, *n3)/2 


= GF). 
The values F and F for which 
G(F)- 05, GF) = 01. 


have been tabulated by G. W. Snedecor in his books “Statistical 
Methods” and “Analysis of Variance and Covariance,” which 
also contain a large collection of interesting applications of the 
x’ and F statistic. 


CHAPTER II 
Matrices, Quadratic Forms, and the 
Multivariate Normal Distribution 
A MATRIX is a rectangular array of coefficients 
On °° , Om 


Omis 777 у Omn, 


We shall denote such а matrix by (с;;) whenever the meaning 
of the numbers m and n will be clear from the context. 
Consider a system of linear forms 


(2.1) Li = аат + H алм, ї = 1, -,m. 


The matrix (a;;) is called the matrix of the linear forms L; in 


71, ** , x, . Suppose now that the z; are themselves linear 
forms in the variables y, , -+> , y, 

(2.2) Ti = baud by. 

Then 


^ 
i= D aas; = 
i=l 


pA абу, = 55 V. p» аб, 
і kel kal i=l 


i=l 


i=l,- т. 
The L; are therefore linear forms in the variables yi , *** , Ya 
with the matrix (c;,) where 
Ca = У а, t= 1, 66 5 my b= 1, os 8. 
i=l 


It is therefore natural to define the product of two matrices 
by 


23) (0) = (аы). 
6 


7 


Note that the product is only defined if (a) has as many 
columns as (b;,) has rows. 
If we put 


Lin a 
ме may rewrite (2.1) in matrix form as 
(2.4) (L) = (2:2) (). 


To a limited extent matrix notation and some of the most 
elementary theorems on matrices will be used in this book. 
If the reader is not familiar with the most elementary aspects 
of the theory of matrices, he should acquire the necessary 
baékground by reading, for instance, in A. A. Albert’s book 
"Introduction to Algebraic Theories” Chapter 2 and 
Chapter 3, Section 1 to 11. Albert’s book will be referred to 
as (AAA). We shall review here some elementary theorems 
which will be used in this chapter. 

The multiplication of matrices is associative (AAA III. 2.) 
That is to say, if A, B, C are matrices such that (AB) and 


(BC) are defined then 
(2.5) (AB)C = A(BC). 


The multiplication of matrices is not commutative. That 
means that AB is not always the same as BA. In fact AB may be 


defined whilst BA is not. 

The determinant of a square matrix (a;;) = A will be denoted 
by | ax; | or | A |. The equation 
(2.6) | AB| = [4118] 


holds (AAA, III, 5). 


8 


The matrix 
10 +: 0 
OL ss G 
(2.7) cove el = 
«es 1 


is called the unit matrix and it is easy to verify that AI — 
IA = A for every A for which ЈА and AI are defined. 

If and only if | A | = 0 then A is called non singular and 
possesses an inverse A~* for which (AAA, III, 6). 


(2.8) AA" = АЗА = І. 


We shall always use the notation (s;;) ' = (c^). 
To every matrix (a;;) = A we can construct the transposed 


matrix A’ by interchanging rows and columns. One easily 
verifies the laws 


(29) (AB) = B'A', (AB)? = BUA, (A^y = AT. 


The symbol A’ will be reserved in this book for the trans- 
posed of A. 


We consider quadratic forms 


(2.10) Q= = $ 042,2; , Qi; = а: . 


"ir 
We may write Q in matrix form 
(2.11) Q = 2'Az, 
where 
T 
А = (а), е = 
Tn 


A is called the matrix of Q in the variables z, , ++ , z,. 


Suppose that 
En 
Pii *** Dim . 
a = Ру, P= 3 y= 
pa * Pam . 
Un. 
Then 
(2.12) Q = Ах = уР'АРу. 
Hence the matrix of Q in terms of the variables yi , с, 
Ym is given by P'AP. 
A quadratic form in zy , *** » Ta is called positive definite if 
it takes only positive values when the variables z; , *** , Zn, 


take real values not all equal to 0. It is called semi-definite 
when it takes only non negative values (positive and 0) for 


real zı , °°: , z, . Апу quadratic form may, by а non singular 
transformation (AAA, III, 11.) 
І, = Deut» = le 
j=l 


be transformed into 
Q= F ofi т<т &#0. 
sel 
alled the rank of Q and is independent of the 


non singular. The c; must all be 
definite and the transformation 


The number r is ¢ 
transformation provided it is ; 
positive, if Q is positive semi 
L; = (c;)!L, leads to 

0= 51. 


5-1 


If Q, has the rank т and Q, the rank n; then Q, + Q, has 


at most the rank m + % for 


+a- Dut EM. 


10 


Some of the L; or M; may be represented in terms of the others. 
Eliminating as many of them as possible we obtain 


0+ 0, = >, >, GNUN; n Xm ctn, 
i=l jel 

where the W; are independent linear forms in the z's. Hence 

Qı + Q: has at most the rank n, + п, . Hence we have 


Lemma 2.1: The sum of the ranks of s quadratic forms is not 
smaller than the rank of their sum. 


If т, , 2, are two random variables with the means ш, and 
u then 


E(x, — шщ)(ж — m) = сш, 


where E denotes the mathematical expectation, is called the 
covariance of z, and z, . 

Let zı , ++- , 2, be т jointly normally distributed variables 
with means 0 and covariance matrix (о;;). Their density 
function is given by 


(2.13) Pl, +++, a) = 1 а Ys Y aftu, 


(22)? | бу pe e T 


where the quadratic form in the exponent is positive definite. 


The probability P[(z; , +- , z, С T] that the point 
(a, , ‘++ , 2,) is in a subspace Т of the r dimensional space is 
given by 

Pl ,::,2) C T] 
(2.14) 
= | ра, ув) dn dz das. 
T 


If E(z;) = и; # 0 then we make the transformation x; = 
x; — ш . We shall formulate the results of this chapter for 
the case that E(x;) = 0. It will be easy to find the proper 
formulation for the case E(x;) = ш. 


11 
We apply а non singular linear transformation (ААА, П, 6). 


(2.15) @ = E Pati; А ф= 1, --- т. 
j=l 


The Jacobian determinant of this transformation is | р: | 
and the new density function of the y’s is therefore given by 


Р 


= g^? ot "y, " 
(Qn)? | Dn |? 25 y y. , 


(2146 Qi, tY) 


where (P) = (pis), (6*7) = Р'(с')Р, and || P || denotes the ab- 
solute value of | P |. We may then write the constant term in 
(2.16) as 


ЦР T = 1 a z 
(25) pr р (22) [PoP | TAE, 


We see therefore that the y’s are also jointly normally dis- 
tributed with means 0 and covariance matrix 


(2.17) (of) = Plea) P. 
The matrix P is called orthogonal if 
(2.18) pap o PPs РР! = 1. 


In terms of the coefficients p of P this means 


2 1 d i=l 

(2.19 apu = 

i E me 0 if 1 7 1. 

Ка, «+: , 2, ае independently distributed with variance 
3 , T 
c^ then 
0 fo 17%] 

(2.20) о = 


12 
and it follows from (2.17) that if P is orthogonal 
e sv) 


(ct) = P’|- --- |P 


(2.21) 
se а? 0 
= PIP]. wns) = 
0 --- S 0: ses or 


since a scalar matrix (AAA, II, 6, p. 30) commutes with every 
other matrix. Hence we have 


Lemma 2.2: If z, , ++- , =, are normally and independently 
distributed with means 0 and common variance c? and if 


r 


(2.22) а= уэ Т Ето 
where Р = (pi;) is an orthogonal matriz then the y; are inde- 
pendently and normally distributed all with the same variance o°. 


We proceed to prove 


Lemma 2.3: Let 
(2.23) = at = QG +--+ + QG, 


where Q;(x) is a quadratic form in 2, , +++ , % of rank n; (AAA, 
III, 11). Then there exists an orthogonal transformation 


(2.24) a= pate, t= 1 ey 
k=1 

such that 
mtn 

(2.25) 0; = 2 xf’, $21,::5,8 


епа 


if and only if m + ma + т = т. 


13 
In the first place we have by Lemma 2.1 
(2.26) mre bn Sn 


since the rank of the left side of 2.23 is n. 
Suppose first that there exists an orthogonal transformation 
fulfilling the conditions of Lemma 2.3. Then 2.24 and 2.25 


imply 
(2.27) mb taan 

Now let У) n, = n. Since Q; has the rank n, there exist 
transformations 


Li = Уу Pinte 
(2.28) am 
ј = т fe oisi Tawadü:- m +m + eb 
such that 
mE 
2 
(2.29) Q: = — ia E, a 


independent, then the quadratic form 


Ta жй 


jel 


If the L; were not 


would have a rank smaller than n. But this is impossible on 
account of 2.23. Hence the L; are independent. We may regard 


therefore the transformation (2.28) as one non singular trans- 


formation with j = 1, ^ :^* Putting 
Lı Ti 
p.h] zep) P= 
1, " 


i Fi Р = (p) is non 
we may therefore write L = PX, where (р;) i 


singular. Since 


14 


we have 
RIX. = PUP UL: 


But P''IP™ is the matrix of Q as а form in L, , «++ , Ln and 
this matrix is the unit matrix. Hence 


PP Jn 


P'^ and therefore also P are thus orthogonal matrices and 
Lemma 2.3 is proved. 


THEOREM 2.1: Let x, , ++- , x, be normally and independently 
distributed variables with variance 1. Let 


ien 


(2.29) Qatta, 


where Q; is a quadratic form of rank т; . 
The Q; are independently distributed and Q; has the chi square 
distribution with n; degrees of freedom if and only if 


(2.30) мт 4+ т +t- Hn = т. 


Suppose first that the Q; are independently distributed and 
that Q; has the x^ distribution with n; degrees of freedom. 
Then by Theorem 1.1 Q, + --- + Q, has the x’ distribution 
with n; + n; + +- + n, degrees of freedom but on account 
of (2.29) it has also the x’ distribution with n degrees of freedom 
and (2.30) follows. 

On the other hand suppose that т, + --- + n, = n. Then 
by Lemma 2.3 there exists an orthogonal transformation 


a; = Ур 
such that 


mire) 


0; = by 1. 
jemiti nica d 
But by Lemma 2.2 the quantities z; are normally and inde- 
pendently distributed variables with means 0 and variance 1. 
Hence the Q; are independently distributed and Q; has by our 


15 


results in chapter 1 the x^ distribution with n; degrees of 
freedom. This proves Theorem 2.1. 


Corollary to Theorem 2.1: Let zi , *** 9» be normally and 
independently distributed. with means 0 and variance c^ and let 
Qi(é = 1, «++ , s) be s quadratic forms in zi , ^-^ , Tn with ranks 
0, , ++, N, and 


Q4Q4409-0- Xd 


then n;/n; Q;/Q; has the F distribution with n; and n; degrees of 
freedom respectively. 

The variables z,/c, *** , Tn/7 are normally distributed with 
variance 1 and means 0. Therefore Q,/c^ has by Theorem 2.1 
the x? distribution with n; degrees of freedom and the corollary 
follows from our results in Chapter 1. 


The corollary to Theorem 2.1 is of importance in the analysis 


of variance. Theorem 2.1 and its corollary were first formulated 


by W. G. Cochran. 


CHAPTER III 


Analysis of Variance in a 


One Way Classification 


Ler X, , +++ , X, bes normally and independently distributed 
variates with common variance c^, and let X; have the mean 
value и, . For instance, consider s different races of cattle and 
let X; be the birth weight of Lenis of the ith race. We wish 
to test the hypothesis that и; e = gn = gn 

Suppose a random sample is Staken of n, individuals of X, , 
n of Xz , +++ , n, of X, . The values obtained are zi , -** , 
21. , from the first warst Xo, 0o, Zan, from the second 
and so forth. Let 
ха + toti Ru 


т; 
be the mean of the ith sample and let 
а= 22 зы, ет Е иь; 


where У); denotes summation over all values of 7, be the total 
mean. 


We shall first prove the following identity. Let o, , *:* 
a, be t numbers, 


cog eps 
d t 
their mean then 


(3.1) Yai = У; (о: — о)? + ta’. 
Proof: We have 
Dai = уэ = a + о)? 
= У (e; — a)? + 2а У (e; — a) + to? 
16 


17 
but 


E l — aa = a D (a: — a) = aD — Уо) =0 


which proves (3.1). We apply (3-1) to У), 22; and obtain 
(3.2) У Gi’ = У (= zy тай. 


Thus 
вз XX = E Leo- z) + Ута : 


Next we apply (3.1) to 27; mz: whereby we consider sz; 
as the sum of n; quantities. Then х is the mean of all the т 


quantities z; and by (3.1) 
(3.4) YT navi = Enl- z) + nr. 
Substituting (3.4) into (3.3) we finally have 
(3.5) x a = Y E ii =) + Vane = 2)? t nz. 


We shall always write E(x) for the mathematical expectation 
of a random variable т. We put E(a,) = m and 1/п Di nu = n 
then (д — ж) = (i — щ) = (ж — ш) and by (3.1) 


> 55 (tis — ai)" 
= D У (zii P uj) = 2 ns = i). 


p= v independent of i and j. 


(3.6) 


By assumption E(t; — 
Since c?, = c?/n, we obtain from (3.6) 


HY Eu тй] н 80 = RE 
On the other hand 
Yn -2 = Dale - ) — @— D 


ci = n — uy — ne — »*- 


18 
But 


(z; TS и)? = (=; — ш)? + (ш — и)? + 2@ —ujQ)(u — и). 
Непсе 


E(z; = и)? = E(z; = ш)? + (и; ad и)? 


(3.8) + 2( — i)E(z; — n) 


2 
m — Й 
ат (u; = A 
Therefore from (3.7) 


ЕГУ nia; — 2)] = so + 5; n(u — ш)? — о? 
(3.9) 


(s — 1)? + 2 nus — yy. 


Thus whilst ЕЁ; У), (ха. — z;)'] is an unbiased estimate 
of (n — s)o” regardless of any,hypothesis about the и, we see 
from (3.9) that 5^, n:(z; — z)' is an unbiased estimate of 
а? only if ш = m = ++- = y, . Otherwise its expectation is 
larger than c^. That is to say; if the hypothesis ш = и, = 
+++ = gn = wis incorrect the ratio 


n—s8s 25 LACA = ©” 
з — 1 p 29 (zi; — z) 


will tend to be large. It seems therefore, reasonable to use this 
ratio F as a statistic for testing the hypothesis ш = ш = 
‘++ = qn = p and to reject this hypothesis on the level of 
significance « if this ratio is larger than could be expected by 
chance with probability o. A theoretical justification for using 
this F ratio will be given in chapters 4 and 6. 

We shall now show that the statistic F defined by (3.10) 
has the F distribution of Chapter 1 with (s — 1) and (n — s) 
degrees of freedom. We first substitute in (3.5) т; — и for 
ха . Then 


(3.10) F= 
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>; >; (a — Ш? = x 25 (к, — x) 


(3.11) 
+ Dinas — 2)? +(e — ш)*. 
We now put 
25 У (к, — 2)? =Q, of rank m, 
25 n(x; — 2) = Qe of rank m; , 
n(z— Ш)? =Q;  ofranm;. 
Q, is а sum of squares of the linear forms L;; = (д; — 25). 


Between the L;; there exist s obviously independent relations 
; Lu = 0,7 = 1, +++ , 5. Since we may put 
ni-l 


Lin = — Qy bs i= (l, +++, 9), 
їл 


and thus write Q, as a quadratic form in (n — s) linear forms, 
it follows that Q, has at most the rank n — s. Similarly Q, 
has at most the rank s — 1 and Qs has obviously the rank 1. 


But 
(3.13) (n-9-4(-D4127. 

It follows thus from (3.11) and Lemma 2.1 of Chapter 2 
that m, -n—sm,-s—-lm- 1. Шр = p= =p 
then the (д — 4) are by assumption normally and inde- 
pendently distributed with common variance c^. By the corol- 


lary to theorem 2.1 


n — 5 
(3.14) AI 
has the F distribution with n — $ and s — 1 degrees of freedom 
respectively. 
е : — р are not all equal to 0 then b» 


If the quantities ш 


nz, — z)'/c" does not have the x^ distribution although 
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E: У); (ту — z)'/s = Q still has. This may be seen by 
applying (3.1) to obtain 


Q: za У (Eu — ш)? 


Il 


x (ж — 2)? + nia, — Bi)’, 
(3.15) 


Q: + nla: — щ)?, 


Фё = (1, .,8. 


The rank of Q: is at most n; — 1 and it follows from Lemma 1 
in Chapter 2 that Q; has exactly the rank n; — 1. From Theorem 
2.1 and the independence of the z;; it thus follows that 


(3.15) > у> (к; — тд)*/о° 


has the x? distribution with n — s degrees of freedom irre- 
spective of any hypothesis about the u; . 

In the comparison of classes it is very often desirable to 
test the significance of differences between class means. Suppose 
we wish to test whether there is a difference between the means 
of the ith and the jth class. We put 

nti tne, 
mtn ~? 


and consider the expression 
nilz: — 2)? + nilz; — 2)? = nilz: — х) 

(3.16) 
+ nz; — z^) + (n; 4 n)( — ay. 

It follows that 

У mn — 2) = D mla — 2) + nile: — 2’)? 

(3.17) ич 
T nz; — 2) + (n; +n — zy. 

Substituting (3.17) in (3.11) We have, on account of (3.12), 
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>; >; (=: = д? = Q + PLC = 2) + nz, — ahy 
(3.18) e 
+ na; — 2) + (n; +n — 2)? +n@ — uy. 
The rank of 
У nm — 2° + (n; +n) — x) 
Ini 
is at most s — 2. The rank of 


nda; — 2) + nlt; — sf = == (ж; — x)? 


is one; hence by the corollary to Theorem 2.1 


2 
|n = 8 nh, (x; — 2i 


(3.19) F= T mtm Q 


has the F distribution with 1 and n — s degrees of freedom 
respectively. We have shown before that Q, is not affected if . 
Шш; Æ u; but 

Elz: — zj = E(l(z; — н) — (к; — n) + (и — wD") 


= MEM go (p — ш). 
NNi 
be large if и, differs substantially 


Hence (z; — 2;)° will tend to i 
reasonable to use the F statistic 


from u; . It seems, therefore, 
in (3.19) to test the hypothesis p; = #; + 
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CHAPTER IV 


Likelihood Ratio Tests and Tests 
of Linear Hypothesis 


LET THE VARIABLE VECTOR t = (z, , ::: , v,) have the 
distribution function f(x, 6, , ++- , 6;) depending on k param- 
eters 0, , ++- , 06,. We may know that 0; , +*+ , 6 satisfy certain 
relations. 

ГАС 0) = 0, . ї= 1, 55,5, 
(4.1) 
O<s<k. 


We wish to test the hypothesis that 6, , ++ , 0 satisfy certain 
additional relations. 


(&2)g,(,:,0) = 0,3=8+1,:- 5+7 0 <т< Е 5. 


Letz,,-:::,z, be an independent sample of nz's. The dis- 
tribution in the sample space is then given by its probability 
density 


(4.3) Pler, te) = ПУ, 6,5,0). 


For а given sample zi , ···, i the density becomes a func- 
tion p(0 , «++ , 6) of @ , • 6, . Let à, , «++ 0, be a set of 
values for which p(6, , pa к is maximized under the re- 
strictions (4.1). We call 6, , ++- , 6, the maximum likelihood 
estimates of 0, , °°: , Ok. Maximum likelihood estimates may 


also be obtained under the restrictions (4.1) and (4.2) and 


these estimates will be denoted by y+: , 01. Clearly 


(4.4) pÔ, ++, 9) = pL, +++, 92. 
The ratio 
(8) pô, 0) _ 


pô: , abi , б) 
22 
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is called the likelihood ratio for the hypothesis (4.2). The use 
of А as a statistic to test the hypothesis (4.2) can be justified 
on the basis of certain criteria (see f.i. A. Wald: Tests of 
statistical hypothesis concerning several parameters, when the 
number of observations is large. Trans. Am. Math. Sec. 54; 
pp. 426-482). We shall at this point advance only an intuitive 
argument. Suppose that our hypothesis is false, then А would 
tend to be smaller than if the hypothesis were true. It seems, 
therefore, reasonable to use A as a statistic to test the hypothesis 
(4.2) and to reject it on the level of significance а if À < A, 
where М is chosen so that P(A < А, | 4.2) = а where P(E | Н) 
denotes the probability that the event E will happen computed 
under the hypothesis Н. 

All the tests which will be discussed in this book are tests 
of linear hypotheses. We consider a set of N random variables 
Vi, +++, ум and put E(y« = да). We shall make the following 
assumptions. 

1) The у. are normally and independently distribuled and their 

variances are equal. 

2) The pa are linear functions of p parameters By , *** , By, 

p <N. 
(4.6) Ba = 22 Giab: 5 a= l; ee, Ne 


and the rank (A.A.A. II 7) of the matrix (gia) is equal to p. 


Eliminating the 6; from (4.6) we see that the assumption 2 
is equivalent to assuming that ihe и. satisfy № — р linear 
restrictions: 

Ула = 0, Е= 1,0,0 р, 
(4.6’) 
rank (Aza) = N — р. 

The hypothesis we wish to test is that the 8; satisfy s inde- 

pendent linear restrictions. 


(4.7) È кв; = 0, $21,:7,8 5 <р. 
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The hypothesis can, by eliminating the 8; from (4.6) and (4.7), 
also be written as 


N 
У) Prata = 0, КЁ=1,--*,8, 
а=1 


(4.7) 
An № 


xal Maa rt^ Mar = -pta 


[T 
According to assumption 1 the joint density function of 
Yi, *** Ух із given by 
ae ee в. — n2] 
(4.8) Ona exp [ 2 x z 3 


We now compute the likelihood ratio. The expression (4.8) 
is maximized if we minimize 


(4.9) (Ya — He) = 2 (Ya — фав — 7 — Goals)” 


, b, be the maximum likelihood estimates of 


Let: bry **: 
Bi, BS. We put 
(4.10) о, = E Wa — grab — 7 Фе)". 
Similarly the maximum likelihood estimate of o is obtained 
as 
229 
(4.11) gea 


The maximum likelihood under the assumptions then be- 


comes 
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(4.12) ды = Ea g a 
Let Q, be the minimum of 
p» (ys = Ma)” = 27 Ya = fil == JoaBy)” 


obtained under the restrictions (4.7) imposed by the hypothesis. 
The maximum likelihood under the restrictions (4.6) and (4.7) 
then becomes 


N/2 
(4.18) m ES) ge, 
Hence the likelihood ratio is given by 
@” 
4. = xz B 
(4.14) r= (03 


In testing a hypothesis we may instead of a given test function 
like А take any monotonic function of it. Hence instead of 
(Q./Q,)*? we may take as a test function Q,/Q, or 
N-?Q,-Q. 
(4.15) Е = — рга 

We decided to reject (4,7) if à < Ao whereby A, is determined 
во that P(A < А,|4.7) = а. Since Р is а monotonically de- 
creasing function of А we obtain а test equivalent to the likeli- 
hood ratio test if we reject (4.7) whenever F > F, where 
P(F > F,|4.7) = a. І i 

We proceed to derive the distribution of the ratio (4.15) 
and we shall show that it has the F distribution of Chapter I 
with s and N — P degrees of freedom respectively. We first 


prove: 
Lemma 4.1: Let 

(4.16) Ж, йш. = 0, = 1,;#°*, ® 

be k linearly "— linear restrictions on the values шу, 
- , ду. Then there exists a system of restrictions 

(4.167) 2 Биш = 0, i=1,---k 
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such that the restrictions Ў): aiti =0,i=1,---,l< kare 
equivalent to the restrictions У ъш = 0,4 = 1„=++ VS k 
and such that the rows of the matrix (b.;) are orthogonal to each 
other, that is to say such that 


a-N 1 iíi-j 
(4.17) L biabia = ё = 
aml 
Proof: We put 
ГРС: 38 
Си)" 


Ы = а; — Ab; where A= 22 Dias 


then 
DY bubs = У buas — А = 0. 
"Ne then put 
b. = -- 1/2 
(25 05) 
This is possible since 


> oF > 0. 
i 


Otherwise the second equation would be a multiple of the first, 
contradicting the assumption of independence of the system 
(4.16). The systems 


x аш = 0, x biu; = 0, 121,2 


are obviously equivalent. Suppose now that we have succeeded 
in constructing a system 


(4.18) L bian = 0, i=l, lk 


fulfilling (4.17), which is equivalent to 
Yaa.-9 t=1,---,1<K. 


27 


We put 

Dieta = бааа — Mbia — c Аа , 
where 

м = У ааба › 151,1 
then 


1 
2j Ы. = Dy анаа — » È Nbiabia i 
galery hk 
Since (4.17) is valid for i, j < l we have 
= btasb;s = DY aab. = № = 0. 


Now 35, b#2, > 0 since otherwise the (1 + 1)st equation 
would be a linear combination of the first l equations, contra- 
dicting the assumption of independence of (4.16). We then 
have only to put 

btas 


2 v2? 


bias S be 


to obtain the (J + 1)st equation of the system De biaha = 0 
fulfilling (4.17) and equivalent to the initial equations of (4.16). 
he process may be continued until all k rows of (4.16’) are 


а icti i ed on the 
Applying Lemma 4.1 to the restrictions impos He 
by the hypothesis and the assumptions of the linear hypothesis 
We may assume that the rows of (4.67) and (4.7’) are normalized 
and orthogonal, that is to say that 
0 fori¥j 


= гарга = Ou = 
x Мема = У PiaPia \ Жуйке 


У; Piadia = 0. 
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If p > s we form an additional row ти, *** , Tin such that 


У М.т. = 0, $-1,--,p 


ll 


27 PidTia = 0, i 1; 555.48: 


This is possible since N — p + s < N equations in N un- 
knowns have a non trivial solution. Thus continuing we finally 
obtain an orthogonal matrix 


^i, oot Aw 


Муу ttt Nos 
pu, eot y. DXN 


(4.19) 
pa vu PP 
Tuy eS a TIN 
Tp-41 5 7" y Тра 
We now put 


yt Улу. fori = 1,---,N – р; 
(4.20) уй = ba PraYa fork = 1, ++: , 8} 


Ж эз = Do tie ford = 1, 6, рв. 
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Let E(yf) = ut. Then F 
at = У Аш, a=1,::-,N—p; 


(421) ^ phos = > Psihi › В = 1, --- „8; 


[ = 25 Tibi» у= + 8: 
і 


Then since (4.19) is orthogonal 
D (Ye — He)” = У (0 — 3. 


By Lemma 2.2 the (y — и) are normally and independently 
distributed with mean 0 and variance c". The assumptions then 


state that u* = 0 fora = 1, , N — р. Hence 
М-р 
(4.92) 0, = >, yt. 
Similarly 
N-p»*1 
= У 0 
апа 
М-р+г m 
(4.23) 0:= 0. = ms yt. 


i i — p inde- 
Hence under the assumptions Q. is а sum of № — р in 
pendent squares and Q,/c^ has the x! distribution with У — р 


a n 
degrees of freedom. Similarly (0. — Q.)/o* has ws z a 
tribution with s degrees of freedom and Q, — Q. and Q, are 
independent of each other. Hence 


N- pR = @ 
T Q 


(4.24) 


= d 
has the F distribution with s and N — p degrees of freedom 


respectively. We, therefore, have 
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'THEOREM 4.1: Let yı , ++- , yw be normally and independently 
distributed variables with the same variance and means ui , ``: 


ux respectively. Assume that the pa satisfy the independent silo: 
tions 


(4.25) Умар = 0  i21:,N—p. 


To test the hypothesis that the pa satisfy relations 
(4.20) 3Leer—0i21, 5,8 8<р. 


independent of the relations (4.25) and of each other, we form the 
ratio 


(4.27) peu RR %, 

8 Q. 
where Q. is the minimum with respect to pa of У). (Ya — ра)? 
under the restrictions (4.25) and Q, the minimum of Da Ya — ha)” 
under the restrictions (4.25) and (4.26). We reject the hypothesis 
(4.26) if Р > Fo where P(F > Fo| 4.25 & 4.26) = а and a is 
a fixed constant. Then 


1) The test described is equivalent to the likelihood ratio test 
for the hypothesis (4.26). 
2) The ratio (4.27) has the F distribution with s and N — p 
degrees of freedom respectively. 
We can formulate our assumptions also in the following 
manner. We have 
Ya = Ha + Ea Я 
where the e, are normally and independently distributed 
variables. According to our assumptions (4.6) we have 


(4.28) Yo = Ф.В + + 8, + €a, a=1,-::,N. 
The equation (4.28) is called a linear regression equation of 


y On gi, p- The coefficients B, , ··· , B, are termed the 
regression coefficients of y on 01, *** , 0» · We have shown that 
their maximum likelihood estimates b, , --- , b, minimize the 


expression 
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(4.29) > Ga = Bite: = tt = Bogova). 
Hence we must have 
DX (у. — мра 7 — Ба) а = 0, 
(4.30) | 
i21,::,p. 


Multiplying the ith of the equations (4.30) by b: , adding over 
all equations (4.30), and putting 


(4.31) Y, = bs tot + bobra 
we obtain 
(4.32) St — Fore = 2 


The quantity Y. is called the regression value of y, on the 


variables gia , *** , Фа 
The minimum Q, un 


D ya — Yo? = У (0. — Yala — E We — ҮЗҮ. 
(433) ' 


der the assumptions is then given by 


1 


Eie ү. 


+++) gpa under 
Let now Y* be the regression value of Ya н йа) 777 s Фра UD! 
the restrictions 4.6 and 4.7. Then similarly 


(4.34) = De LE 
Hence | 
(4.38) Q,-@= XOi-YO. 


p ing that ees 
The restrictions (4.7) are equivalent i. amg А vds А 
8, may be expressed by p — $ parameters Үз » 


(4.36) he Ro, EE ИА 


ў 1 f yi 
Let c,, ... c, , be the maximum likelihood estimates о! У 


Then 
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(4.37) Yt = Уа D Delira 


Multiplying the tth of the equations (4.30) by Кис, and 
summing over ¢ and l we obtain 


(4.38) È (у. – Ү.)Ү* = 0. 


Since also У). (y, — Y£)Yt = 0 we obtain 
2j(Y,— YOY = E (уа vores 


= У (у. – ¥.)¥t = 0. 


Hence 
УУ, – ys? = Ky. - YOY. 
(4.39) 
= а 05. 
Therefore 
(4.40) 9, – ©. = x (Y, — Уз 
and 
р NOD У. (Ya = У? 
а У Giz У)" 
(4.41) 
=P Ye Ya 5. YE 
i Dele Dafa 


Testing a linear hypothesis means essentially testing the sig- 
nificance of the coefficients of a regression equation. 
From (4.33) and (4.39) it follows also that 


LW. - Tj эы Lyr 


(4.42) 
= E- YY. 


This result can easily be generalized to yield 
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"THEOREM 4.2: Let Н, ‚+++ , Н, be a sequence of hypotheses or 
the means of the variables y, with Е(у.) = на of the form * 


Ay: Har 22 08i, 
H,: H, & Hy +++ & Hin & У ав; = 0, 


k2sacdli::;89; з <р 


such that the linear restrictions imposed by Н, are independent of 
each other. Let Y‘ be the regression value of Ya obtained under 
the hypothesis H, then 


Уу = Eu- YOY + LLP — yy? 


4.43 
m pun +} Be ТОН 


Theorem 4.2 is very useful in reducing the labor involved in 
ions from a regression 


computing sums of squares of deviati 
value. | ; 
We now turn our attention to the solution of the equation 
(4.30). We write 
(4.44) >= JiaGia ^ Vi» у Yalia = @. 
: X ica OT umm = J; Фә ND 
Lemma 4.2: Let g = (gis); @= 1, ‚Р, Й , А 
be any matriz оў rank p < №. Put gg = (a;;). Then the quad. 
ratic form Y, У, аста; is positive definite. 


Proof: Consider 


x( = ш] = У » У JiaJiaT:Ti 


= У Laima: = 0. 
б т positi i definite. 
clearly Q is either positive definite or positive semi defini 


If Q = 0 then 
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(4.45) D gets =0, a=1,---,N. 
Since g has the rank p there are р linearly independent equa- 
tions in (4.45). Therefore, (4.45) has only the solution z; = 0, 
i = 1, +++ , p. Hence Q is positive definite. 

Corollary to lemma 4.2. The determinant | a;; | is different 
from 0. 

This follows from the fact that all the principal minors of a 


positive definite matrix are positive. 
We may rewrite (4.30) as 


(4.46) È abi = as, $41,579.95; 
or in matrix form 

b, [A 
(4.47) (а.)(0) = (a), b- ; , (а) = 

b, a, 


Since by the corollary to lemma 4.2 (a,;) is non singular we 
have with (a) = (a;;)~* 


(4.48) b = (a")(a) 
or 
(4.48) by = p» a'!a; 5 i=], <, p 


We see that b; is a linear function with constant coefficients of 
the Ya . Hence if the ya are jointly normally distributed, then 
the b; are jointly normally distributed and their distribution is 
completely specified if we know their means and their covariance 
matrix. We have putting 


0 fori ј 
ё; = 
1 fori = j, 
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E(b) = Da’ 2 JiaElYa) = 25 a? 07 У 9:90:81 
(4.49) и 
= P» 2 a" aj, = 2 бай = Bi. 
Thus b; is an unbiased estimate of 8; . Further 
быы = 5 Е aa cere: = x X ata’? x x JeaG pF vavp - 
But oy... = 0 if a ғ B and ci, = c^. Hence 
сыы =o x >; аа? Ж JraJta = о? x > a^a! d, 
(4.50) 


" "T 
c? aby, = ac. 
k 


We proceed to prove 
Turorem 4.3: Let Q. be the minimum of the quadratic form 
Y. (Ya — Е(у„))* under the assumption 


(A5) Bly.) = Ува + Ds fe а= М. 
i-1 7+ 

and Q, its minimum under the restrictions Bs = O i=l, s 

Leib; , G = 1, == ‚ 8), 0 = s EID , P) be the least square 

estimates of Ву , Ba , *** » Bo under the restrictions (4.51) and put 


(e) = e 


Then 
(4.52) Q-Q = >; > . 

In the following let 7, j, run from 1 to s; d, e, f from s + 1 
to p; e, т from 1 to 7. 

Put 

РА ij a” 

TID Е 3 
em | | = | | (a) = (a^. 
j de 
Qaj Qao aa 
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'Then by (4.50) 
(4.54) (a7) = (e). 
We have 
Q = Lye - Үү = Lv У 2 У eg bb, 


(4.55) 


Ш 


Di- 2 Daie Dil $e. 

Let bf, d = s + І, +++ p be the regression values for 8, 
obtained under the hypothesis 8, — ... B, — 0. Then by 
(4.55) 


Q, – Qa 


Ш 


> a,b, + а, — Y, abt 
H d d 
(4.56) 


D aibi + Y ab, — bi). 
H d 
But from (4.46) we have 


р 


> а, — bY) = Y aub. 


ema 


Hence 
(4.57) = OF = — DF a9 y aub. 
d 7 
and from (4.46), (4.56) and (4.57) 
Q, — Qa 2: b; аң; + > ааба) 


-Zugo E asb 

>; 29» аЬ, + уз ашЬ) 
- x x x У a4,0/"0,;b;b, 
= У; У; > x ay,a'**a, ;b; by Я 


(4.58) 
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The coefficient of b;b, in the expression (4.58) is given by 


ais — x by Qaa” tei = Ais — У) 9424 
2 7 


(4.59) 


= a; — aj = 0. 
The coefficient of bb, is given by 
(4.60) a — У У амаа = бк. 
d L 
Our theorem is proved if we can prove that с, = c;,. This is 
proved if we can show that У); а = ба. We have 


(4.61) Vea У ala; — 25 X D aana"; . 
D i i е 


Now 


P» аа. + > ача, = à, = 0. 


Hence (4.61) becomes 


25 аа» + >; 2 > a^a, a" aa. 
7 D 
= ф% aai + x > a" dax 
7 


=) аак + » ads = ба + 
d 
7 


proved. 


Hence @,; = с,; and theorem 48 is 
e hypothe 


Corollary 1 of theorem 4.3. Let th sis in theorem 4.3 be 


(462) et = Sle = 0, i-i 8$» 


where the rank of (14) is s. Put 


-1 
tua) "e 
Yd -b ad ( zs ү 


Then 
(4.63) g- 60 Xe 
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Proof: Since the rank of (1,,) is s we can add p — s rows to 
(l) to obtain a non singular matrix (L,) with p rows and р 
columns. The 8, are then also linear functions of pro $5 
l8. , v = 1, -+-, p. Clearly b* = У), Lb, must minimize Qa 
and the corollary follows by applying theorem 4.3. 

The most important special case of theorem 4.3 and its 
corollary is the case where s = 1 then 


bio? 
(4.64) 0, – ©. = = . 
сь, 
In finding Q, it is sometimes required to minimize Q — 
a (Ya — У), g«;B;) under some linear restrictions on the B; 


> lubi = І, = 0, i=1, sS, 
-1 


(4.65) 4 
rank (1;;) = s < p. 


"Then s of the 8; can be expressed as functions of p — s of them 
and the regression problem may thus be reduced to a regression 
problem in p — s of the 8; . 

Suppose that all the 8's can, by means of (4.65), be presented 
as linear functions of gf, --- , gf, Bx, › *** у BI, where 
the Bf are linear functions of 8, ‚ '** , B, and that we test the 
hypothesis Bf = --- = gf = 0. Then theorem 4.3 also applies 
to the maximum likelihood estimates bf, ++- , bf, since we can 
write Q as a function of Bf, --- , B*,. 

Instead of the elimination procedure of the preceding para- 
graph, it is often more convenient to employ the method of 
Lagrange operators. This method consists in differentiating 
the expression 


(4.66) О+А +--+ HAL = Q', 
with respect to б, , -++ , &, and solving (4.65) together with 


9Q' 


(4.67) "m 


0, pes, 6e gp 
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for the s + p unknown quantities 8; , *** » B» and M, с, 
A, . The values for 8, , -+> , 8» obtained in this way are exactly 
the maximum likelihood estimates bı , +*+ , 5, obtained under 
the restrietions (4.65). A full account of Lagrange's method is 
pe in Hancock “Theory of Maxima and Minima Chapter 

T. 

The regression coefficient 8, in (4.6) will be termed the 
general mean if gpa = 1 for all о. 


Тнковем 4.4: Let 
Е(у.) = ца = 2 JiaBs . 
Assume that 
1) 8, is the general mean. 
2) Jia is either 0 or 1, 421,89 


PX C 7TIEE NEL Lu 


If | 
Q- у (ve = Eo) 


is minimized with respect to 


Y u$ = 0, Yt #0 


NELLO." and 2. 


is the only restriction on бу, ** + B, , B, and if № is the Lagrange 


multiplier associated with 


b» Lii then 


fel 


A = 0. 


estrictions may 


d that any number of г ir 


I Р 
t may be emphasize f ascen b, 


be imposed on +1, ^"^ 7 


40 
least square estimates of 8, , --- , В, we obtain the following 
equations 
Ea 


p 
E Yagia — b; D gia — 25, b, У дзе — “у =0, 


(4.68) iios, 


Уһ 2% Voie D ba D gia = 0 


Because of the conditions 1, 2, 3, 4 we have 
Dive = У Уе, Уо. = 24 
(4.69) 
У LX тере = У та. 


If we sum the first of the relations (4.68) from i = 1, ---,5 
we obtain А, = 0 on account of the relations (4.69). 


THEOREM 4.5: Let 
Q= P» (y. = >; 9:2В:)?. 


Let Q, be the minimum of Q under the restrictions 


X8 = 0 


and other restrictions involving B.+ı , +++ , В, only. Let b, , +++, 
b, be the least square estimates of B, , - - - B, under these restrictions. 
Let Q, be the minimum under the restrictions By = ··· = В, = 0 
and all other restrictions. 

If Q, — 0. is a symmetric function of b, , «++ , b, and if the 
assumptions of theorem 4.4 are satisfied then 


(4.702)  Q@ -Q= 1 YUM. hes 
$-1 
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Proof: Q, — 0, is by theorem 4.3 a quadratic form in b, , 
+++, b, . Since it is symmetric in b, , +++ , b, and since 
Db =0 
$-1 


we must have 
алу Q. -Q = AX 4E E ъ= КУБ 
iw) si"l sel 


Because of the symmetry, the variances of the b; must all 
be equal to each other. ©, — Q. has by theorem 4.1 the x* 
distribution with (s — 1) degrees of freedom. Hence 


(4.72) EQ. — Q.) = (s— 1)? = Ksco? 


and theorem 4.5 follows. 

„Ме now proceed to present some ар 
ciples developed in this chapter. | 

Example 1. Consider a regression equation 

(4.74) Ey) = 8. + 2, 
where the values of y have been observed for certain values 
of z. For instance y may be the length of a steel rod and х the 
temperature at which this length is measured. We have then 


a set of observations 


plications of the prin- 


Yi, tt YN 
of the variable y observed when the variable z had the values 


70» uw We might wish to test whether fa Баз БОШО 
hypothetical value 5, . We then rewrite (4.74) as 
(4.75) Ely — Ва) = Bs + (Ba — Вз). 

ndent variable 


we renting NOW Ya — Bata 

We may apply Theorem 4.3 to 

2 = 87. КУ, is the regression value of y, on В, and В? and 

z the least square estimate of Bf and cc 
e 


M 
250) cp Ed 
e r=% FA 
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as a statistic to test the hypothesis 8* = 0. By Theorem 4.1 F 
has the F distribution with 1 and N — 2 degrees of freedom 
respectively. 

From (4.76) we can see the intuitive reason for using the 
test function F. The total observed sum of Squares of deviations 


У. – 9° where у= wt Wy 
has been divided into two components; 
2 
Zw- YS mà Уу. – 9 -U (0, 0). 


Each of the two quadratic forms in y, divided by its rank 
(degrees of freedom) gives us an estimate of the variance c". 
But whilst the estimate of c? appearing in the denominator of 
(4.76) is independent of the value of 82, the numerator is an 
estimate of о? only if 8* = 0. If Bf = 0 then the numerator 
will tend to be larger than o°. 

Example 2. Suppose now that y is again the length of a steel 
bar and z its temperature. We wish to test whether the length 
of a steel bar is a linear function of the temperature, whilst 
admitting the alternative possibility that the function be of 
second degree. Our assumption will then be 


(4.77) E(y) = В, + Bat + Bas’, 
where the length y of the steel bar is measured at different 
temperatures x, , --- , zy . In terms of theorems 4.1 and 4.3 
we have 

Фа = 1, Iza = Xa, 9за = 22 . 


The hypothesis to be tested is бз = 0. The first step is then 
to estimate B, , b: , В, by least Squares. Then if 02, = co’, 
where c can be computed from the gia , and b, is the least 
square estimate of 8, , 
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has the F distribution with 1 and N — 3 degrees of freedom 
respectively. 

Example 3. We shall consider again the one way classification 
problem treated in Chapter 3. We assumed that we had taken 
a sample of m,z's from the first classification, n, from the 
second and so on. Denoting by zi; the jth measurement in the 
ith class we have to consider the following linear hypothesis. 


Assumption 


El) =m for i-Lhv59 Jed oe paths 


The hypothesis to be tested is pi =з = He The number 
of independent linear constraints imposed by the assumption is 
ыы {= *®* S 8 = 9 s. The number of linear con- 


n 
straints imposed by the hypothesis is s — 1. To obtain Q. we 
have to minimize 


(4.78) EE 5 (к — Ba)” 


$el del 


Let m; be the least square estimates of ш: . Then 


бл) њав і 


i 


Hence if Y;; is the regression value of Ti; OD pı, С,» 


we have 


(4.80) Yi; = Ties GH 1c j=l, n) 


Р Y whi 
To obtain Q, we have to minimize У: Di is н) which 
the mean z of all observations. It 


yields as regression value f 
follows then from Theorem 4.1 and equation 4.1 that 


- Уд nd. nm s 

(4.81) Г = Za iiu (m) = Ума. 

; К pothesis: 

is the likelihood ratio statistic for ~~ ay cy 
Example 4. We shall now treat t q ; ra pig 

Classification. As an example suppose : that exactly one 

different races receive $ different diets suc 


44 


pig of the ith race (¢ = 1, --- , т) receives the jth diet j — 1, 
+ , $. The purpose of the experiment is two fold. We want 
to see if the pig races differ with respect to the weight gains 
and at the same time we should like to know if the different 
diets differ in their ability to produce weight gains. 
Our observations can be arranged into a matrix 


11 ttt Uy 


Try t? y Bre 


where z;; is the weight gain of the pig from the ith race which 
receives the jth diet. 

We assume now that the weight gain is produced by two 
factors, race and feed, both of which act independently of 
each other. Moreover we shall assume that the x;; are normally 
and independently distributed all with the same variance. 

Our linear hypothesis is then the following 


(4.82) Elza) = шщ. + Bac, P» ш. = 2, н. = 0, 


where д. is the “effect” of the ith race д.; the “effect” of the 
Jth diet, and и is a constant independent of 7 and up 

To find Q, we have to minimize Ж Жз, (Жу — шщ. — n. — uy 
Subject to the restriction of (4.82). The conditions of theorem 
4.4 are however obviously satisfied and we may therefore ignore 


the restrictions. Thus if Ms. , M.i , m are the least square esti- 
mates of u;. , u.; , n we have 


1 

У Da tin = 
1 

for E tin died. og, 
NET: 


1 
Ta = >, m — m= 23 — 2, 
D 


Thus the regression value Y ;; is given by 
(4.83) Y, 2.4 24— 7 
We now apply theorem 4.2 and consider the sequence of 
hypotheses 
Н,: n = шщ. thith 
(4.84) Ha: H&m = 0, 
Hy: Hy & Hr & p = 0. 
It is easily seen that the regression values are 


Yi) Sap Pepe a 
(4.85) YP = tis 
yim 
Hence by theorem 4.2 
0. = ушш — e — 2, +2) 
4.8 
a 2a -r Dea — тзт. 


= Da iG 


For testing Нз: ш. = 0 we have 


(4.87) 0, – 0, = i qe = yoy =з У @ — 
Similarly for testing H3 : нз = 0 we H 
(4.88) 9.6 =" Deni 


(4.88) by means of (3.1) 


4.86), (4.87), 
d that 


We can further simplify ( 
and applying theorem 4.1 we nd 
= 1)(8 — Ш 
Р, = puero 


(4.89) 
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and 


(r — D(s — 1) 


es 
в = 8—1 


(4.90) 
т У} 2°, — rsx? И 
У, >, ai =з ER v Mx, + rex 


have both the F distribution and are the likelihood ratio 
statistics for testing the hypotheses H: iu. = 0, Hi inp; = 0. 


The degrees of freedom are r — land (r — 1)(s — 1) for Е, ; 
= — land (r — 1)(s — 1)for Fi. 

Problem 1. Find the proper statistic to test Н: Ш. = да. 
and Hi, : ру = р in example 4. Hint: apply the corollary to 
theorem 4.3. 


CHAPTER V 
Analysis of Variance in an r-way Classification Design 


LET Us AGAIN CONSIDER example 4 of chapter 4. We had rs 
утуу 1, +++, 8). The observations 
two ways and т;; was the value 
first and in the jth class of the 


quantities z; (i = 1, °° 
could be arranged in classes in 
observed in the ith class of the 


second classification. 
This idea can be generalized and we shall in this chapter 


consider r-way classification designs and their analysis for any 
r. For practical reasons r will be limited to at most 4 or 5; 
however, a general treatment of way classification designs 
is just as easy as the treatment of special cases and we shall 


give it here in all generality. 


To give an example of a 
we have 10 weather stations. 


3-way classification suppose that 
The mean rainfall was recorded 


by these 10 stations every month in 5 successive years. Every 
observation is then characterized by 3 numbers, the number of 
the weather station, the month, and the year in which the 
observation was made. Thus the observations may be denoted 
by z,,2« (Qi = L^? 10; a = PELLIT 12; ds = 1; ***5 5, 
where a, is the number of the weather station, d the month, 


and a, the year of observation. | 
We may for instance want to know whether иі was 
different in different locations or in different years. Differences 

between different months are certain to be present. — 
er exhaust the informa- 


These simple questions do not however е 
tion in which we might be interested. It is of interest to know also 


whether the combination of a certain location with a certain 


i the amount of rainfall, or whether 
his i мое 57 an п July of а particular year. Accord- 


rainfall was unusually large". е realer station dur- 

ingly we conceive the men МА ШУ уб АА 

Ing one particular month and in one " as well as of the 

Made up of the effects of station, month and yori th and station, 

effect of the interaction of month and yea 
47 
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year and station and finally one effect due to the interaction 
of month, year and station. Thus 


E(@eas0,) = MCL, 2, 3; а, аг, аз) + p(l, 2; а, а) 
(5.1) + А402, 3; az , а) + a(l, 3; а, , аз) 
+ a(l; а) + 12; a2) + (3; аз) + р, 
where 


I &(1, 2,3;a,, az , as) 


Уу щі, 2, 85 2,0,9) = У (lL, 2,3; @ ae , @) 


25 u(i ;5504,,054) = 2; u(t › 1 $ Qs, , 05) 


ats Gis 


щй за.) = 0. 


For instance и(1, 2; 3, 5) denotes the effect of the coincidence 
of station number 3 with month number 5. The assumption can 
also be written as 

ңа, = Ш(1, 2,3; а, a, а) + a(l, 2; a, , аз) 
(5.2) + А02, 3; a , а) + (1,3; a, а) + a(l; а) 
T n2; а) + 8; as) + n + eaaa « 


We shall assume that the eaaa, are normally and inde- 


pendently distributed all with mean value 0 and the same un- 
known variance o°. 


Generally in an r-way classification we shall assume that 
(Ж, а.) 


-àEQE My tesa ye) 
(5.3) 


tiş 


2; Mis iaeei, 


Gjj=1 
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where the second summation is defined as a constant р when 


a = Üand Y ucc, "3 КЕ быз to a;,) denotes sum- 
mation over all combinations tı , "n.o, d, chosen from 1, тг; 
r with i <i < < 4, . The quantity Ші "770 ta 5 
0,5777, Gia) ÍS called an (а — 1)st order interaction. 


We shall denote by z(h5 tt HG t a,) the mean of 
all observations in class d of classification 7i , class a; of classi- 
fication da , ^: » class a of classification 7, and by DUE 
fiki , +*+ , Ka). The sum of all fi, m ka) for all choices 
ki, Bike Soe < ka out ofa <i: < * <i, ask. 

We then consider hypotheses Наче ФИИ ee 1} 
а, st) a) = О for all а," › %: We arrange these hy- 


potheses into a sequence as in Theorem 4.2 in such a way that 


higher order interactions precede lower order interactions. 


Interactions of the same order may be arranged in any arbitrary 
way. In computing Q. W 
from the Lagrange multipliers equ 
to verify that the least square estimates foi 
in this way always satisfy the restrictions 5.3 and that they 


are moreover unique solutions of the minimum problem. 


Minimizing 
oe ЕДЕ 
ë 2 
a Ж », ura ‚би 3055 ^ ac) | 


pa: ; d denoting by A(t » ey dai 
under the hypothese considered and "F ate of pf, toda] 
"anm oie maximum tidie estimate ог 1 
a, +++ as) leads to the equations 


Dry pte 5050 777 T» 


ae Baer 

Pei ee an ^m) 7 
for all 7, yc y de for which Ай » y da т L mean of all 
not 0 by hypothesis. For ^ 0 we have : 


(5.4) TS 


m , kg j 0e c PX 
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Observations. For a = 1 we have zla 5а.) = A(t ;a,) + A 
and therefore A(j, ; a) = x(t; 3 a) — т. We shall prove by 
induction that 


Ali, +++, ta 34,5 te j Qia) 
(5.5) 


Assuming that 5.5 is true for all o^ € а we proceed to prove 
5.5 for a’ = a+ 1. We have 


zli, 56. slasi j Aay ote » Vas) 


= PA Bi, Аб, he say a). 
Hence 
A, eee y фара у 9) 
= zi, nmn yai Рас з He 104.4) 
- д.5. Ahi. 5. «> E UL LS а) 
(5.6) 


CLIMA ET (Ou) 


а в 
_ -] 8-т 
х "3 +. > ( ) P» 
“a(b, ++ »b, а, у ote ) 0). 
We compute now in 5.6 the coefficient of z(b, y ае „Бы d 
ау" , @,). The term z(b, nag Dy Say, ies ; %,) occurs 
in the last sum for every choice k, , k, , ... › ks which contains 
bi, +++, by. Out of the a + 1 numbers 7, э *** y tea; there 
are for fixed В exactly 
P +1- 7 


В-тү )- б" 
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such choices. Hence the coefficient of z(bi , +++ Я 
a ани ( 13 by 504, мш 


B [zr] 
- Lye — S = [&+ 1 —+ 
du LC uim 
(e) 


'This proves 5.5. 
We show next that the solutions in 5.5 satisfy the restrictions 


in 5.3. This is clear for А(1; а) = z(1; а) — =. We have by 5.6 
AQ, уа Ца sni) 


(5.62) = д1, pat lim, y Qani) 


-» Y VERE Ka 3 Arsy °t 0м). 
B-0 1,***,a*1 


Summing 5.6a over a; and applying mathematical induction 


we obtain 
x ла, siiis at ljm, oes › база) 


= of 20, oes at 15 9, *** Tm 


- У py Abe staan oad] =O 


8-02 


by 5.4. 
The following argument now shows that the A(& , *:* 55; 
lutions of the minimum problem. 


Qi, ,-::, 04) are the unique so! 
e wish to minimize the quadratic form 


Suppose w 
Q'- L [6 vee ba ўа o 111 00) 


a 2 
= У = "—— 
B-0 ia, 


Iba 
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under the restrictions 5.3 and no further restrictions. The 
solution to 5.4 which as we have shown satisfy the restrictions 
are then the uniquely determined values for which Q' = 0. 
Hence if we would write out the least Square equations in- 
cluding the terms resulting from the Lagrange operators we 
should still get the same solutions for the A(k, , hj 
Qk, , *** , Qs) since Q’ can take only one minimum value. 

We apply now Theorem 4.2 to our sequence of hypotheses. 
ЕН, = Н, &Н,&...&Н,,& Нес... ау, then 


А-1) (Ay 1 * 
iun ар = AG set P5 y 998 3:85). 
In 
TO (-1) (A) 2 
oc XUL. eM. 
b: br 


each A(á , +++, ir; an, +++, а) occurs (t, eH DS s du) 
times. Thus we have by Theorem 4.2 


x Ue x (б.е)? 


= r hd. 
(5.7) a-0 P ti se US У pm È 
“TAG, ++ EET EE ‚@„)]*. 


We replace now in the identity 5.7 Laysa, by 


" 
Vo, erra, 


la ax RP NOM BL ора. ў 


a=0 1 
(5.8) r 
= 2 2 [4Q , +++ rte 3а, 5777,0.) 
— u(à , rte 34,7 » 04,)]. 
But 


A'(à , = slait, FT » Gq) = [А@,, 


“stajt, >, Qa) 


EL DLE 
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are the uniquely determined values for which 


r 


аш, = È A'(à бараа ое $e) 
ae 


a@nO 1, 


Hence from 5.7 we obtain 


Q- У T" У me 


-YJEGG cdm cen] 
(5.9) Н 
Ag pe eem 


а=0 l,r бї Gia “ir 
Ali p o3 1055 7o 02 
= dey da тыйб, 


Besides testing hypotheses concerning sets of interactions 
Blir, $455 c7 , Ga) for alla, , ++: ; Qa we may also wish 
to test hypotheses which concern individual interactions. In 
guch cases certain sets of interactions plir, tt siaj, y Ga) 
will be assumed to be equal to 0 for all a, "LOST PN 

"We shall refer to such interactions as interactions of type I. 
Other interactions a(i  *** ; 1,;0,, 77 , 0x) Will be unknown 
foralla,,:::, ба. These we shall call interactions of type II. 

In one such set of interactions, however, we may wish to test 
hypotheses concerning individual values of the set and we shall 
call those interactions of type III. Equation 5.9 shows that 
for finding Q. and Q, we must put (‚+ ,4«; 41, 77,04) = 0 
for interactions of type І and a(i, , ++ 52a 315 77 > а) = 
Ali, ‘++ da i0, *** » Qa) for interactions of type Il. We 
then have to minimize for a particular choice 213» 59* oe 


MEL LAG himc 1 


а 


—u n TRUE hs a) 
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with respect to u(Ji , +, Ја, +++ , a4) under the restrictions 
2y Bk, 9 ids irme de үй. у=» Gey. + di) O 


and certain other restrictions imposed by assumption and 
hypothesis. 

As an example consider a three way classification and assume 
that all 2nd order interactions are 0. We wish to test the 
hypothesis that all interactions between the first and second 
classification are 0. The assumption then is 


(1, 2, 3; а, аз, аз) = 0, 
(1 = 1, ---,04;а —1,,5;a = 1, +++ y fa) 


The hypothesis to be tested is u(1, 2; a, , a) = 0, (a, = 1, 
sss, t 5 = 1, +--+ , t). The number of linear restrictions 
imposed by the hypothesis is (& — 1)(t, — 1). Clearly Q is 
minimized under the assumption if we put 7 у #** ‚ ы } 
Qin) бз, Gia) = А( 7,1; , а.) fora < 2 and 
this solution also must satisfy the conditions of 5.3. Similarly 
to obtain Q, we put u(t: , --- , i. ; a, Я è y Qa) = 
А@ ‚+++, 50 , +>, Qa) forall u(i , +++ pia ji, +++, de) 
which are not 0 under the hypothesis. This solution likewise 
satisfies 5.3. Therefore 


Qu 


p» p» 2 [А(1, 2, 3; 0,05, aj, 


Q. 


Q. + & У 2: [40, 2; а, , a)". 


The F statistic for testing the hypothesis is therefore: 


p = (& — 1)(% — 1)(% — 1) 
(& — D(t — 1) 


„8... Da (AL, 2; a; ‚аду 


ж зак Jos LAC, 9, Вга Lm BOT 
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Suppose now that under the same ass i 
: umptions as bef 
wish to test the hypothesis u(1, 2; 1, 1) = u(1, 2; “i 2. To 


find Q, in this case we would have to minimize 


[40, 2; 1, 1) — a(l, 2; 1, р 


+ [AQ, 2; 1, 2) — a(l, 2; 1, D] 


+ УХ X UG 2; a, 2) — wll, 2; a, , аў] 


*ai72 аз=1 


+ 25 (AG, 2; 1, в) — да, 2; 1, аду 


under the restrictions 


УБ a(l, 23 а, а) = 0, (a 


ay 


3240,2;a,,a) 20, (а 


where u(1, 2; 1, 1) = И(1, 2; 1, 2). 


le 


3, за 


nn 


» 4) 


It is easier to apply the corollary to Theorem 4.3 to the linear 
form a(l, 2; 1, 1) — a(l, 2; 1, 2). We then have to find the 


variance of A(1, 2; 1, 1) — А(1, 2; 1, 2). We have 


AG, 2; 1, 1) 


A, 2; 1, 2) 


AQ, 2; 1, 1) s A, 2; 1, 2) 


= a(1, 2; 1, 1) — 2(1; 1) — 22; 1) + z, 


z(1, 2; 1, 2) — z(1; 1) — x(2; 2) + =, 


= (1,2; 1, 1) — (1,2; 1, 2) + (2; 2) — x(2; 1). 
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Remembering that the covariance between two independent 
quantities is 0 we obtain 


2 PE 2 2, 
ФїА(1,2;1,1)-А(1,2;1,2)1 7 ©ш(1,2;1,1) 77 4020,2:1,02(2;1) 


2 

Tofu — 29:0,23.220:m 
2 2 

d 0z(2;2) + 0=(2;1)) 


2 (tr a (t — 1) 


2 
S(AQ,2:,0-40,23,51 = 20 
tita 


Thus by Theorem 4.1 and 4.3 the F statistic to test the 
hypothesis u(1, 2; 1, 1) = u(1, 2; 1, 2) is 


MUERE CER MET 


2(t — 1) 


Аа, 2; 1, 1) — AG, 2; 1, 2) 
pon 225 jm [А(1, 2, 3; а, , а, aj] E 


The identity 5.7 can be generalized to yield 
25 pre È eh j 95€ pita PU, s, tnn җә 


(5.10) = 3 Ay ba. ats 
B-0 б..." ба UN oo tip ак, akg 
-[А(К, , ++, ара о 5, аы)]?. 
To prove 5.10 we note that z(á, , *** , tp j а, , *** , а) 
may be regarded as the mean of all z(4 , +++ , a j @i,, --- ,а;,) 


with fixed ar, , *** , йы. Applying then the identity 5.9 tó iiis 
quantities z(Z , ++: , Ía j Œ, ''* , Ga) yields 5.10, since the 
quantities А (kı , *** , kg j Qr, , *** , аы) in 5.10 are defined in 
terms of the z(4 , +, Ía j Qirg *** , Qia). 

To facilitate the computation of sums of squares of inter- 
actions we shall prove 
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Ec DIAG, eiim ra 


(5.11) - xc» Pin > - M amore 
шэ t yje i ai a Ge). ; 
For instance 
2 ee XAG, 2,3; а ,а,, 3] 
nw У x У 180, 2, 3; a , a a) 
-h 2 >; [z(2, 3; a , ag] 
-t x > [z(1, 3; a, , ag] 
— ts У > [z(1, 2; a , а)]? 
+ tite x [z(3; a3) + tits »» [z(2; а„)]* 
+ tots У e(l; a)? — ба. 
We shall prove 5.11 by induction. We have 
А? = c »» [AG ; a) = > [eG ; a) — a]? 
= У [eli ;a)] — ta”. 


Suppose that 5.11 is true for к < Е. From 5.10 we have 
Y УА, ора 7,290 


Ln а 


= 25 us D ei, DES E у 52 „&ы)] 
(5.12) x id t d 
-5 p See 
an0 ditt ik Vka ka Oki ағ. 


ТАФ, ec, kaj 0na , %.). 
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Applying 5.11 to 5.12 for a < k we find 


2) ы DIAG, rer pte dis vct, Gal 


=z DEG hians a) 


k-1 
і; BORN tis a-ß 
= + 1 
(5.18) 2 ToBo h.c hea X (= ) 
is 95* tee 
EE Bet 
kitttska Fis ајр “is iB 
"[ (Ду, == aja б; а). 
"Тһе term 
d iy, s f 
lalh a da On о p 2—8 
UN a tia 
occurs in this expansion as often as we can make a choice of 
the indices j, , ++- , js out of indices Кү, --- , ka with 8 < 
a < k. Since the indices jı , +-+- , Js are fixed, there remain 


k — В indices to choose from. With о fixed there are then 
a — В indices to choose out of k — В indices. Hence for the 
fixed a the term 


z ; UNIS 
aljas tet sja i е, a) 1e 
Ja iB 


Occurs (* Ч. A = 0 


a 


times. Hence its coefficient becomes 
-Eevt-9-- Bent) 
- Ec»( т 0) c» 


a = peer 


Ш 


ll 
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Substituting this result in 5.13 we obtain 5.11. 

An important special case arises if in an r-way classification 
design we do not take one but several observations in every 
one of the multiple classifications. Such a design may be treated 
as an (r + 1) way classification design by simply numbering 
the variables in every subclass in an arbitrary manner. We 
shall then be justified in assuming that the (r + 1)st classi- 
fication has no effect on the mean value. Or u(i , +++, ir, r + 1; 
а, s *** y Qis , @r41) = Oforallchoicesz, < +++ <i «r4 1. 
We then have from 5.9 
Q. i or P a NONO 


r ti on ага pa 


1 
М 
М 


AL, jur ра о 06s9)] 


DE YQ pp ima es, aa)? 


Ores 


1j 55 
б) - DD v xU 4 
a Lt “is ir da ja 
PAGE ; e 4 Ja Ра» Gre) 


b» 23 27 Bil, = pf lp, 2" TA 


ari 


ll 


=the У УЕ, tia eo) 


>: „дё py [xL «°° nrl, ааа 
= 101, ove 7701; ааа 109] s 

Formula 5.14 is easy to interpret. Since the distribution of 

T is independent of а, +1 by assumption we obtain 

an estimate of the common variance from the sums of squares 

of deviations from the means of the observations in each sub- 

class. The number of degrees of freedom of this estimate is 
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Applying 5.11 to 5.12 for a < k we find 


e EUG, ihe y ad 


ai. 


=>): OE sans all 


k-1 
S fut г" da 1 a-B 
(548) > КУЗ bes eg E he LC J 

tp, so A 

P Aou: e 

ka Fix Gip ©, iB 
selji s e ET PELLE n 

The term 

; ; EE 
[I( 3839255077 ar e 
ip 


occurs in this expansion as often as we can make a choice of 
the indices j, , ++- , jg out of indices k, , --- , ka with 8 < 
a < k. Since the indices jı , *:* , Js are fixed, there remain 
k — B indices to choose from. With a fixed there are then 
o — B indices to choose out of k — В indices. Hence for the 
fixed a the term 


А ; ЖЕТҮҮ” 
Sfi, Fn ы ањ) 22——** 
13 , , э Qip, te lj, 
occurs и + = ск 


times. Hence its coefficient becomes 
эш xc gd — -» = Б = c»( P 8 
k-B 
= s yez i toc» 


a — D** + (-0**. 
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Substituting this result in 5.13 we obtain 5.11. 

An important special case arises if in an r-way classification 
design we do not take one but several observations in every 
one of the multiple classifications. Such a design may be treated 
as an (r + 1) way classification design by simply numbering 
the variables in every subclass in an arbitrary manner. We 
shall then be justified in assuming that the (r + 1)st classi- 
fication has no effect on the mean value. Or u(t; , +++, ir, r +1; 
а, *** › 05 , ал) = O for all choices, < +++ < iù <т+ 1. 
We then have from 5.9 


gef Doen 


li, а, Gja Gr+1 
ГАКА о о Јава 3955 77 ;,0,,1)]- 


= 3e Ds {x(1, sex srt la, xiii n] 


ari 


SUR EE See = 


AC» эү. ‚ўа jaia , а:.)] 
= Уу E tt цао aol 


Em [Em 


= Ба Soe B wide ‚ ад]? 


= Eve 3E [z(1, ee ur rd did ots des dea) 


а ari 


— gl, she ttt E 

to interpret. Since the distribution of 
is independent of a,,, by assumption we obtain 
e common variance from the sums of squares 
f the observations in each sub- 
f freedom of this estimate is 


Formula 5.14 is easy 
Ta, *** QGrüri 
an estimate of th 
of deviations from the means 0 
class. The number of degrees o 
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h e (бы — 1). The number of restrictions in our assump- 


tion is easily seen to be the same number. 
Problem 1. Under the assumptions leading to 5.14 derive the 
F statistic for testing the following hypotheses. 


Hy: a(l, 2; а , a2) = 0 for all a, , аз. 


He: wl, 23,4) +щца) 20 — foralla, а. 


CHAPTER VI 
The Power of the Analysis of Variance Test 


WE ARE CONSIDERING а situation in which we know аргіогі 
that the cumulative distribution function of the random vari- 
ables жу, «++ , х, is given by a function 


(6.1) J(m., и Вр 7,9). 
We wish to test the hypothesis that certain of the parameters 
0 have certain specified values which for convenience we may 


assume to be 0. 
The hypothesis may then be formulated as follows 


(6.2) ШУ b=- = 8, = 0. 


We test this hypothesis in the following way. Suppose it is 
possible to determine a region W in the » dimensional space 
R, in such a way that the probability that a sample zı , ++- , 
z, Will fall into W is a fixed constant o provided the hypothesis 
Н is true, in symbols P(zi , *** , % С W|H) = a. The 
number а is called the level of significance of the test or the 
size of W. We then decide to take a sample zı , *** , z, and to 
reject the hypothesis H if the point z; , *** , =, lies in W. 

If the point z, , *** , 2 does not lie in W we either accept 
H as true or make further investigations. These investigations 


may consist in taking а larger sample if the distribution in the 
, 0, . The fact that the 


larger sample depends also on 4; , *** 
region W has a fixed size if H is true assures us that, provided 


H is true, we shall in the long run make à wrong decision only 
in а of the cases, where we draw a sample. This alone is how- 
ever quite insufficient to make the test valuable. An example 

— .05 and we put numbers from 


will illustrate this. Suppose а 1 : 
1 to 20 into an urn and test every hypothesis by drawing a 
number from our urn. We reject the hypothesis H whenever 


the number 1 is drawn. Otherwise we do not reject it. Obviously 
the probability of rejecting H when H is true is a = .05. 
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Nevertheless the test is obviously of no value. The reason for 
this is that the probability of rejecting H when H is false is 
also only .05. Thus the test does not discriminate between H 
and'situations different from H. 

We shall denote by P(E | Н) the probability that E will 
happen computed under the assumption that H is true. Let 
us consider another alternative situation A’ and denote the 
point z, , -++ , х, by x. Then 


(6.3) P(e CW|H) = а 
is called the size of the critical region W and 
(6.4) PCR HY 


is called the power of the critical region W with respect to 
the alternative situation H’. The power P(x C W | H’) is the 
probability of discovering that H is not true provided that H’ 
is true. It is thus a function of the alternative H’. If 


(6.5) Pié C W |H) > Р(х C W'|H') 
for all regions W’ for which 
(6.6) PEC WIH =a 


then W is called a most powerful region of size a with respect 
to the alternative H’. If there exists a region which is most 
powerful with respect to all alternatives then it is clear that 
this region is superior to all other regions. 

Unfortunately most powerful regions with respect to all alter- 
natives do rarely exist. Thus the choice of the critical region has 
to be made on the basis of some compromise principle. It seems 
for instance reasonable to require that 


Ii PeCW|H) >a 
for all H’. A region which fulfills (6.3) and I is called an un- 
biased critical region of size o. If it also fulfills (6.5) for all 


regions W’ which satisfy (6.3) and J, then it is called a most 


powerful unbiased region of size а. Most powerful unbiased 
regions do also rarely exist. 
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It may be seen from the foregoi i i 
edge of the power function Е раа E A pes 
pensable if we want to know what a test really accom lis es 
and we shall, therefore, in this chapter derive the power f me 
of the analysis of variance tests. iii 
In chapter one we have shown that the statistic F is computed 
from the ratio of two chi square expressions. 
y Bro ded 


m= 
с 


2 2 
g= E tte 
where 2; , *** » 2m j Y1, *** » Yn Were assumed to be inde- 
pendently and normally distributed variables with means 0 
and variance o°. If x; , +++ , z,, have variance ci and y, , +- 
Yn, variance ci there are two essentially different hypotheses 
that may be tested by means of the F statistic: the hypothesis 
H, : сї = о? under the assumption E(z, = E(y; = 0 and 
the hypothesis H, : E(y;) = 0 under the assumption ei = о; 
апа E(z;) = 0. We shall be chiefly concerned with the hy- 
pothesis H, . 

In chapter IV we discussed tests of linear hypotheses. In 
proving theorem 4.1 we have shown that the F ratio was 


given by 
Oi Xs _1й+ *= ts „Юй устал, 
mm 2) M c 2 , x= есту == 
Na Xi с c ә 
where the assumption stated that 
(6.7) Е(х;) = 0, @=1, ,n) 


The hypothesis to be tested was 
(6.8) E(y) = 9, (i= 1, ++ т). 
onsidered are of the form 


E(y) = 6:. 


Thus the alternatives to be c 


(6.9) H': 
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The critical region W for testing H was given by F > F. 
To find the power of the test it is therefore necessary to compute 
the distribution of 


2 2 
(6.10) x? EM Ж T 5 к. 
under the assumption that the у; are normally distributed 
with mean value 6; and common variance c^. We then have 
to derive the distribution of 


x” 

» P а= 
(6.11) x 

The power of the test will then be given by P(F' > n/n Р). 
Our problem will be solved if we find the distribution of P". 
For our evaluation of (6.11) it is necessary to bring the linear 
hypothesis first into the form (6.7) and (6.8) by applying the 
transformations discussed in the proof of Theorem (4.1). 

In the derivation of the distribution of x^ ? we shall need the 
function T(z) as defined in chapter one and the function 


(6.12) B(n, m) — i (1 — 2)" dz. 


The T function satisfies the relations T(n) = (n — 1) Г(в — 1), 
Г(1) = 1, and T(3) = т}. Between the Г and the £ function 
the following relation holds 


_ Г(т)Г(п) 
(6.13) B(n, m) — T 99° 
To prove this relation we compute 


= 


T(m)T(n) T qe a: | ye” dy 


=| Í g FM gr ly" dz dy. 
0 о 
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We make the substitution 
(6.14) —1710 = 2); т = uz. 


Its Jacobian is и. The region 0 < = «o,0 < y <= is trans- 
formed into 0 < и « o,0 < z < 1. Hence 


e 1 
T(m)T(n) | gt а f 21 — 2)" dz 


T(m + 1)B(n, m). 


This proves (6.13). 

We proceed to derive the distribution of x”. We know that 
x’? is the sum of, say, r squares of random variable 21, +++ , 2, 
which are independently and normally distributed with com- 
mon variance c? and means d; , «+: , d, . The joint distribution 


of zı , +++, z, is thus given by 


(6.15) Pei, t32) = = exp [- 55 >; @ – ay] 


(22) "c" 
Putting 
1 
(6.16) \ = 52 x di 


equation (6.15) may be written as 


per» aem) 


(6.17) = 1 н ) 
= ane exp (- 25 122 —2 Lads) \ 
We now put 


Wiz (95 dy! È zid: = ÈX zidi " 
(6.18) 
у, = Yan. 62h02? 


ii 
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where the matrix 


di == 

азу *** Gay 
Ts 

а, tt Ope 


is orthogonal and assume r > 1. We then have 
EWM) = (27 d), 
E(W;) = 0, (= 2, =- т) 
because of the orthogonality of T. Furthermore 
y'shya-Liyw. 
с з т + 


Since T is orthogonal the W, are independently and normally 
distributed with common variance о? and 


(6.19) 


(6.20) 2, LW: = х? 

has the x^ distribution with (r — 1) degrees of freedom given 
by (1.2). The joint distribution of x^ and W, is therefore given 
by the density function 


PO’, Wi) = 


-À 
e 


(27)'72"-""T([r — 1]/2)e 


(ovs 


(6.21) 
+ exp [= zi: [cx + Wi- зе (x^. 


To obtain the distribution of 


Wi 
(6.22) yg vx 
we put 
wW. = 
2 2 2 Da el 
(6.23) x =x’ cos б, P x’ sin б. 
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The Jacobian of this transformation becomes 


сов? @ —x" sin 26 
, 
gis = ox’ cos 8 
хова 0 heed 


and to the region 0 < х <œ, —e < W, < © corresponds 
the region 0 € x? «o, —7/2 < 0 < 7/2. Thus the joint 
distribution of x’? and 0 is given by the density function 


E 

№ ———À MÀ Lo ( е CE 
Q^, 0) = TTE — 1/2) (x^?) (cos 0) 

exp [—3(x” — 2(2d)'x’ sin 6)]. 


If we integrate this expression with respect to 0 from — т/2 
to «/2 we shall obtain the distribution of (x^). To perform 
this integration we expand exp [+ (23x)! Sin 6] into a series. 
Since for m odd 


(6.24) 


«/2 
Í cos’? 6 віп" 0 20 = 0 
-т/2 


we obtain 
1/2 


cos’? 6 exp [(2Ax ^)" sin 6) 40 


o m 1/2 
n = ў Qu S" we es^ ode. 
= £4 Qm! J+ 


1 
т/2 (7—3) /2ү, 2ут 
[| cos’? 0 віп?" 6 20 = Í,  -w) (uw?) du 


т/2 


= [ а — ye dy 
Oo. 


(6.26) _ X E i 


r- Пв + 1/2 


= T(r/2 + m) 
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On the other hand 
(2m)! = (2m)(2m — 1) +++ 3-2-1 


= 2"ml(2m — 1)2m — 8) --- 5-3-1 
= Pun (imi. 2m-3..8.$. Q1) 
~ I 2 2 2:2 Q2 


= 2 LE r(n Р 1). 
Непсе 
| ^ cos? 0 exp [(2Ax’”)'”” sin 6] 40 
-y (ey г — 1]/2т'° 
AN 2 m!T(r/2 + m) 


зр Qx'*/2)" 
= r( 2 ) 5.02 m) ` 


Thus the distribution of х” is given by its density function 
00") 


e? (1 2d ( 1 ^) ә (ay’?/2)™ 
= "9 \2% SA ax ето): 
For = 0 equation (6.27) reduces to the x^ distribution 1.2 as 


it should. It is not difficult to verify that 6.27 also holds for 
r=1. 

We now proceed to derive the distribution of G = x"/x* 
where x^^ and x? are independent and x^ has the x^ distribution 
with s degrees of freedom. The joint probability density of 


x’ and x” is given by 


1,» ay) А022)" 
i e 2 +x) Xx 95° 


(6.27) 
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We make the substitution 


2> Gz RS 2 
x"cqupge "таа" 


The Jacobian of this substitution is z/(1 + G)*. Thus the 
joint distribution of z/2 and G is given by its density function: 


Ее G (r-2)/2 1 (2+2) /2 — 
(5.6) - (13) (Gy) arn 


© G m Tuo ee ee 
2; (; + 3) miT(r/2 + m)T(s/2) ` 


m=O 


(6.28) 


Integrating out with respect to 2 we obtain the density of 
the distribution of G. 


e E G (r*2m-2)/2 1 (а+2)/2 
һо = Sees) (x) 


A"T([r + 5/2 + m) 


` mir(r/2 + m)T(s/2) 


(6.29) 


or on account of (6.13) 


P a G ven 1 у" 
PG) = 2.6 FG 1+6 m! 


(6.30) Е G d jr. 


e of F for the level of significance o 
= а. Put r/s Fa = Ga. P. C. Tang 
rs V.2, 1938) has tabulated the 


Let Fa be the critical valu 
so that P(F > Е. |А = 0) 
(Statistical Research Memoi 
integrals 


(6.31) P P(G) dG, jos P(G) dG 


= [2/(r + 1)]? and various degrees 


f i $ i 
or various values of the probability Ри that 


of freedom. This integral represents 
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we shall fail to reject the hypothesis 6,4, = --- = б, = 0 
although it is false and some alternative 6,4, = d, , -+> " 
6.4, = d, is true for which 
id 


20? 


A= 


Thus one obtains an excellent picture of what the F test will 
accomplish. Tang’s tables must also be consulted if it is desired 
to find the sample size necessary to discover alternatives with 
specified values of А with a given probability. 

The evaluation of (6.30) and (6.31) requires the knowledge 
of ^ and о? but we may use о> = (Q,)/s as an estimate of o°. 

The assumptions of a linear hypothesis state that the given 
normally and independently distributed random variables z, , 

* , t, have the same variance and means ш, +*+ , Hn satisfying 
the relations 


(6.32) Усаш —0,  G-1,--,9, rank (cx) = s. 
j=1 
The hypothesis then states that 


(633 Levee = 0, = 1, +++), rank (09) а. 
Lemma 4.1 shows that we may assume that the c;; are the 
first r + s rows of an orthogonal matrix. Hence 


(6.34) He — w= È| Èo- ay] 


i=l $-1 


and therefore 
ar n 2 
(6.35) 0. – 0. = а, [ 2 ouz | . 
Suppose now that the alternative H’ states that E(zj) = Bi 
where the р; fulfill the relations (6.32) but 


(039 De =, G-1-,5  Xd»o 
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Then 


(6.37) 20° = Ё = Fi [ Уо | А 


[ESI 


Comparing (6.35) and (6.37) we see that we may obtain 
20°\ simply by substituting into the expression for Q, — Q. 
the values д; for x; . This simple rule is particularly useful 
since the alternative is mostly stated in terms of the mean 
values of z; and not in terms of the linear functions (6.33) of 


these mean values. 

To illustrate the use of Tang's tables we consider testing the 
row effects in a k by m two way classification design (example 
4 of Chapter 4). The assumption was formulated in the form 


(6.38) E(u) = ue + mei +“ 
with У, ш. = Dy н. = 0. The hypothesis to be tested was 
(6.39) н: agae-0 G= emh 

We obtained 

64) Q, -Q= mE Gd’ 2. 5 Dau- 


Consider now the alternative H’: 


(64) He) e 6+ gat 25670 X629. 


Then Е(2,) = 6; + m Ez) = 

Applying our rule we have iof su 
expression 0; + и.; + и. Hence for Ti. 
9; + п. Thus 


substitute in (6.40) for z;; the 
we have to substitute 


(6.42) 95) = т У 0. 
The quantity 
2 
Dg. 
m = he” 


72 


can be interpreted as the mean square of the row effects ex- 
pressed as a multiple of the variance. Suppose for instance 
that this mean square is .8 c^ and that m = 5; then @ = 2. 
If k — 4 then the degrees of freedom for Q, are (k — 1) 
(m — 1) = 12. In Tang's tables* we find that for 3 and 12 
degrees of freedom respectively and for Ф = 2 the probability 
P; of not rejecting the null hypothesis is .463 if a 1% level of 
significance is used and .178 if a 5% level of significance is 
used. That is to say: If we use a 5% level of significance, we 
shall, in more than 82 cases out of 100 reject the hypothesis 
6; = 0 (i = 1, 2, 3, 4) if the mean square of the row effects is 
at least .8 times the variance. 

Tang’s tables do not only give us very valuable information 
about the results to be expected from analysis of variance tests 
but enable us also to find the number of experiments necessary 
to achieve certain results. Suppose for instance that we plan 
a two way classification design with, if necessary, more than 
1 experiment in each subclass. We wish to test on a 1% level 
of significance whether the interaction between the two classi- 
fications is 0. We are interested in alternatives for which the 
mean square of the interactions is at least .16 times the variance 
and we want to take a large enough sample to uncover such 
alternatives in at least 50% of the experiments. 

Our assumption then is 


ЩІ, 2, 3; 4, j, k) = a(l, 3; à, k) 
= n(2, 3; j, k) = a(3; k) = 0 
foní-1l--,h;j21, =, t;k = 1, +++, t. By (5.14) 


Q, = У, 25 У 120, 2, 8; 4, 3, Ю — 2(1, 2; à, ) with 
11.0 — 1) degrees of freedom. From (5.9) we find Q, — 0, = 
ts У): У, [A(A, 254, j)? with (t — 1)(t; — 1) degrees of freedom. 
Thus if u(1, 2; i, 7) = d;; we obtain 


20°h = t PH 25 (di)? 


*The degrees of freedom of the numerator are, in Tang’s tables, denoted 
by fi ; those of the denominator by f; . The quantity #7. = Ga/(1 + Ga). 
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and 
д? = M rco HONTE 
(а= 006-1) +1 
= titts 25 2 (di)? 
(t = Dle- 1) +1 ott i 


We are interested only in alternatives for which 


Уу PTS ht 
л UES 2 ilata 
FA > 16 or Ф > 26 е = 1" 


Suppose now that t, = 2, t = 5 then & > .32 t, . We reproduce 
below the relevant part of Tang's table for f; = 4 and a 176 
level of significance. We find Pir as follows 


Ф 


fa 


30 .570 .225 044 


60 .509 165 .024 . 


For t = 6 we have Ф = 1.92, f; = 50 and this would not be 
enough to insure that 1 — Pu 2 50%. For ts = 7 we have 
9^ = 2.24, f, = 60 and Pris approximately .51. 

Although Tang’s results give & good picture of the discrimi- 
nating power of analysis of variance tests, the question arises 
whether other tests could not accomplish more than the analysis 
of variance test does. Generally one does not know the alterna- 
tives and it is not possible to maximize the power with respect 
to every possible alternative. Therefore it will be the aim of 
the investigator to maximize some average of the power. A. 
Wald has shown that the analysis of variance test has such an 
optimum property. (Ann. Math. Stat. Vol.13 #4). 

In Chapter four it was shown that tests of linear hypotheses 
сап be brought into the following form. The variables 


ту, б, ЖЕЛ Л ena 
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are normally and independently distributed with common 
variance c^. It is known that E(z;) = 0, (i = 1, --- , т). The 
hypothesis to be tested is 


(6.43) E(y)20, QG—1--,s. 


The critical region W, in the analysis of variance test is 
defined by 


No yi + y: 
(6.44) Gsp = BT > С. 


That is to say the hypothesis (4.43) will be rejected if G > C. 
From (6.29) we see that the distribution of G depends only on 


кез phe 


where E(y;) = 0; . Hence we may denote the power of the 
region (6.44) with respect to the alternative 


Ey) = 6, G—1--,s5; Elly: — 86)'] = Elz)'] = e 


by P(A). 
Let W be another critical region and denote its power function 
by 
PhO g + 19,0). 


Consider now in the p-dimensional space z, , +++ , z, the 
surface S defined by 


(6.45) 230° =zi+---+2,2=6,%@=st1,---,p). 


Let PA, 7, 0..1, *** , 6) denote the average power on the 
surface defined by (6.45). That is to say 


P(A, о, 6a , 7, 6), 


-([a4) [ ре, 6 „йу быа у *** 0,, 0) dA, 


Wald proved that for all W of the same size as W, 
(6.47) P(A, с, б, ‚++ 5 6) € Po (А). 


(6.46) 
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Thus the power of the analysis of variance test is higher 
than or equal to the mean power over the surface (6.45) of 
any other test on the same level of significance. 


Clearly if P(0, , ++- , 6, , c) depends only on ^ then PA) = 
P(A) and it follows from (6.47) that 
(6.48) P(A) € PA). 


The inequality (6.48) had been previously obtained by P. L. 
Hsu (Biometrika, Jan. 1941). 

The proof of Wald’s theorem is beyond the scope of this 
book. Wald’s and Hsu’s results however may be taken as a full 
justification for the use of the analysis of variance in testing a 
linear hypothesis. 


CHAPTER VII 


Latin Squares and 
Incomplete Balanced Block Designs 


SUPPOSE THAT m VARIETIES of wheat are to be compared as to 
their mean yield on a certain type of soil. We have at our 
disposal a rectangular field subdivided into m? plots. However, 
even if we are careful in the selection of our field, differences 
in soil fertility will occur on it. Thus if all the plots of the first 
Tow are occupied by the first, variety, it may very well be that 
the first row is of high fertility and we might obtain a high 
yield for the first variety although it is not superior to the 
other varieties. We shall be less likely to vitiate our compari- 
sons, if we replicate every variety once in every row and at 
the same time randomize the position of the varieties within 
the rows. We might for instance take m cards with the numbers 
1, +++ , m on them, shuffle them well and then lay them out 
in a row to determine the position of the varieties in the first 
row. Repetition of this process will yield the position of the 
varieties in the second row and so forth. An arrangement of 
this type is called a randomized block arrangement. A mathe- 
matically rigorous treatment of this arrangement is at present 
not yet available. An approximate test of varietal effects is 
possible by treating the arrangement as a two-way classification 
design ignoring the variation of soil fertility within the rows. 
We shall discuss this design in detail in Chapter XII. A better 
plan will be the systematic elimination of soil fertility differ- 
ences, which is preferable to randomization and Should be 
applied whenever it is possible. Tt yields in most cases more 
efficient estimates of the varietal effects and has the great 
advantage that a mathematically rigorous treatment is avail- 
able. 

The line of attack in our particular example is as follows. 
We conceive of the mean yield E(y;s) of the kth variety on 
the plot in the th row and jth column of the field as given by 
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E(Ysix) = ш +; + рь + р, 


Dy Bei У» = È p = 0. 


This assumption is for instance always satisfied if the soil 
fertility is a linear function of the coordinates, an assumption 
which is likely to be true if the field is not too large and is 
homogeneous in appearance. The quantities m: , и; , p, are 
called the row, column, and varietal effects respectively. The 
design is called a Latin square if every variety is planted once 
in every row and once in every column. The expected value 
of the mean yield of the kth variety in our experiment is then 
by (7.1) equal to 


(7.1) 


+ У Elyn) = px + р 
where the summation runs over all pairs 7, j for which у; із: 
defined. Thus 

1 
Yk 5m 24 Viik 

provides an unbiased estimate of рь + P- Since every variety 
Occurs once in every row and once in every column, the mean 
V of all yields provides an estimate of p г) that the varietal 
effects p, , (k = 1, -++ , m) can be estimate В 

The pine of our linear hypothesis 15 therefore that e 
Vii, are normally and independently distributed all with the 
Same but unknown variance c? and that their expectations M 
given by (7.1). Note that as soon aS i and j are fixed k is de- 
termined by our design. The parameters is = E(ysix) are 


Pid 1} Е = 1, 
expressed by the 3m + 1 parameters v; › Mi » Ps , (5 
SS SUY ad p. However, these parameters are not independent 


Since 
= = 0. 
x B= Ун = X» 


nt parameters and Q, will 


Hence there are 3m — 2 independe { freedom. The hypotheses 


therefore have m? — 3m + 2 degrees 0 
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to be tested are manifold. In the first place, we might wish to 
test whether the varieties differ at all from each other, we shall 
then test the hypothesis p; = 0 (i = 1, --- , m). Or we may 
wish to test the difference between two varieties, say p, and 
рг . The hypothesis to be tested is then p, = p, . Also we might 
wish to test whether the rows (or columns) have any effect. 
We then test the hypothesis и; = 0 (or v; = 0), @ = 1, ---,m) 
and so forth. We shall first derive Qa . The design obviously 
satisfies the conditions of Theorem 4.4 with respect to each of 
the three sets of variables u; , v; ; рь. Hence in finding Q, we 
may by virtue of theorem 4.4 ignore the restrictions in (7.1). 
Minimizing 


Q- X Ga — m — 5 — o) 


with respect to m: , v; , p, , p and denoting our estimates of 
these quantities by 5; , v; , Pk , р We obtain 


^ 1 
p =D Lyn = у, 


(7.2) 


^ 1 
рь m У Vi — Y Vy-. — y. 


Because for instance the ith row contains every variety and 


every column exactly once so that the varietal and the column 
effects will cancel out. Thus 


(7.8) 0, = У У (уь — yi — у. — Gs 2H); 
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We now apply theorem 4.2 taking H, equal to the assumption, 
Н»: ш=0(@=1,‚т), 
Н, : y = 0 (] = 1, --,m) 
Hi? рь = 0 (k 


Ш 
" аы 


-, m). 
Then 
D vin = DX (yis — Yo — Уз. 7 Yok + 2y)? 
+m Dy. — wy +m LD Ys. — 0? 
+ т У (yew — y+ ту. 
The same decomposition is also obtained, however, if we re- 


number the hypotheses H: , H, , H, . Thus the hypothesis 
H, : p, = 0 is to be tested by 
2 
p= т? — 3m + 2 
m—1 
(7.4) 
т У уа — my? 
Dr 25 Pm = тЇ}, у. Je > у. + X y-a] s 2my i 


The expressions for testing row and column effects are entirely 
analogous. To test the hypothesis p; = p» We apply formula 
(4.64). We have Dr — Pa = Va 7 Уз. Now у... and y.. are 
independent quantities each a mean of m independent ob- 


servations, thus 


в? 
2 e 2 mL. 
Oy, i: gy a m m 
and therefore 
2 _ 20° 
Guard “© m * 


Hence to test Н: py = р» We have to use 


m? — 3m +2 mly. — y.) 
(7.5) = 1 ius a2 
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Similarly if we test Н: p, = 0 we have first to compute the 
variance of p, = y.. — y. We have 


2 2 2 
Si.) = Oy... — yy + o; 
1 2 1 с? т—1 
2 
= e 2 + г = 5 . 
т т т т т 


Непсе 


2 


2m-—3mt2 m а yy 
(7.6) ps 1 т— 1 Qa 


is the likelihood ratio statistic for testing H: p, = 0. 

The treatment of experiments set out in several, say т, 
replications each of which constitutes a Latin square does not 
offer any particular difficulty. The observations may be denoted 
by yii; where lis the replication number. The assumption states 


Ely‘) = ш? + и? + рь Бад + p, 
214 = 25» S M» = P» = 0. 
7 


The number of independent parameters is 


(7.7) 


r(m — 1) for row effects, 
r(m — 1) for column effects, 
(m — 1) for varietal effects, 


(т — 1) for replicates, 
T for mean. 


Hence the number of degrees of freedom for Q, becomes (m — 1) 
(rm. — nz i) 

It is often possible to test at the same time other effects on 
the yield, for instance we might be able to apply m different 
fertilizers and to construct a design which forms a Latin square 
with respect to fertilizers and varieties each and has in addition 
to this the property that every fertilizer is applied exactly once 
to every variety. For m = 4 one could use for instance the 
design 
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һј ъз ајы fa 
vfs vfa ufa јә 
vafa vfa fa vfi 
vafa vfi vfa nfs 


where 0, , V2 , Va , v, den jeti 
eur ees 1: , v4 denote the 4 varieties, fi, J2» fo › fa denote 

This idea can be generalized to test the effects of r different 
categories of conditions for each of which there are m possi- 
bilities. We then need designs with the following properties. 
There are r different letters. Each of these letters occurs m 
times with each of the indices 1, +++ , m. They are to be ar- 
ranged into a square, divided into m? subsquares, in such a 
way that the indices on each letter form a Latin square and so 
that each pair of letters occurs with each pair of indices exactly 
once in one of the subsquares. A design of this type is called a 
Set of r orthogonal Latin squares. 

The analysis of these designs is en 
the Latin square design. The required Ё s 
obtained by applying Theorem 4.1. 

If the assumptions made for the analysis of the Latin square 
are justified then the Latin square is the best design for field 
experiments, which is at present available. However, it is 
necessary in a Latin square that the number of experiments on 


each variety be equal to the total number of varieties in- 
vestigated. Thus if the number of varieties is large the number 
This means not only an 


of replications becomes likewise large- | 
unduly large expense for the experiment but also necessitates 
the use of large blocks, so that the assumption (71) which 
underlies the analysis of the Latin square is not even approxi- 
mately fulfilled. We shall therefore discuss other designs which 
take care of this situation. 

If we plant the varieties in T 
assume that the soil fertility is 

ame block. 


tirely analogous to that of 
tatistics can easily be 


elatively small blocks we шау 
the same for each plot in the 
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Thus again making the assumption that the mean yield is a 
linear function of varietal effect and block effect we have 


(7.8) Еу) = +b +n, Yo = Yd; = 0, 


where y;; is the yield of the experiment which consists in plant- 
ing the dth variety on a plot of the jth block. Applying the 
likelihood ratio principle to the linear hypothesis (7.8) we have 
to minimize 


(7.9) Q- У (уз; — v: — b; — и), 


where 5^, runs over all pairs 1, j for which the ith variety 
occurs in the jth block, with respect to v; , b; and и under the 
restriction У); v, = У); b; = 0. Minimizing Q and denoting 
least square estimates by carets leads to the equations 


Уу. = Sra: T Ук, + Nu, 


(7.10) У; = т; + Sub b; + тй, 
B, = рш 9; + kjb; + kip 


since by Theorem 4.4 the restrictions У) v, = >> b; = 0 may 
be ignored. In (7.10) 


V; denotes the sum of the yields of the ith variety, 

B; denotes the sum of the yields in the jth block, 

т; denotes the number of replicates of the ith variety, 

k; denotes the number of plots in the jth block, 

Dow b; denotes the sum of the effects of all blocks, which con- 
tain a plot with the ith variety. 

2»; denotes the sum of the varietal effects of all varieties 
that occur in the jth block. 

N is the number of experiments. 


In order that such a design be really useful, the following 
requirements must be fulfilled: 


1.) The solution to the system 7.10 must exist and must be 
unique. 
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2. It must be possible to compute the solutions to 7.10 
within a reasonable time. 

3.) The estimates of the varietal effects should be reasonably 
accurate. 


The $; and б, are linear functions of the observations. Hence 
if the y,; are normally distributed, then each 6; , 5; , p will 
be normally distributed. 

The size of the resulting confidence interval for v; is then 
exactly proportional to its standard deviation. The requirement 
3 is somewhat vague. Suppose every variety occurs the same 
number of times and it would be possible to carry out an ex- 
periment in a two by two classification according to blocks 
and varieties with a complete replication in every block. In 
such a design the estimate 6; would then have a certain variance 
c^/h. Suppose the variance of 0; as computed from (7.10) is 
c^ [c; . Then 


(7.11) E 


is called the efficiency factor of the design leading to (7.10) 
with respect to the estimate 0; . The efficiency factors with 
respect to varietal differences are defined similarly. Clearly if 
there is a choice between two designs one of which is more 
efficient than the other whilst both justify the assumption 
7.8, then the experimenter will choose the more efficient design. 

Various designs have been constructed which satisfy the 
requirements 1 and 2 and the requirement 3 to a fairly satis- 
factory extent. The best of these are the incomplete balanced 
block designs. These are available for certain combinations of 
the number of varieties and number of replications. 

A balanced block design is an arrangement of v varieties 
into b blocks of k plots each such that 


1.) No block contains the same variety twice. 


2.) Every variety is replicated 7 times. 
3.) Every variety v: occurs with every other variety v; 


exactly А times together in the same block. 
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The total number of experiments is bk on the one hand and 
rv on the other hand so that 


(7.12) b-k = rv. 


Every variety v; occurs їз r blocks. These r blocks contain 
r(k — 1) varieties different from v; . Since every v, > v; occurs 
among them exactly А times 


(7.13) r(k — 1) = А — 1). 


Equations 12 and 13 are necessary conditions for the existence 
of a block with the parameters b, v, r, k, 4. Another necessary 


condition for a design in which not every variety is repeated 
in every block is 


(7.14) b 2 v. 


The condition (7.14) was first proved by R. A. Fisher, Ann. 
of Eugenics (1940) 10 pp. 52-75, and will be derived later. The 
conditions (7.12), (7.13) and (7.14) are not sufficient for the 
existence of the design. Thus for instance the design v = b = 48, 
т =k = 7, = 1 із known to be impossible. In fact necessary 
and sufficient conditions are at the present time not yet known. 
Various methods for the construction of incomplete balanced 
block designs will be given in the next chapter. 

We proceed to discuss the analysis of balanced incomplete 
block designs and note first that in 7.10 7; = т, k; = k. Hence 
on account of У, v: = У, b, = 0 7.10 reduces to 


22 Yiu = TUR, 
aa 


(7.15) Vi = 10, + Yu 5, +r, 


B, = $1" 6, + k$, + ks. 
We put 7; = 5545 B, = sum of the totals of all the blocks 


ty. Summing the third equation in 
aining the ith variety we obtain 


(7,16) T; = k Ya Б, + (т 00, + ng 


(7.15) over all blocks cont; 
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since У); ô; = 0 and since every variety different from v; occurs 
in the sum А times whilst v; occurs r times. Multiplying the 
second of the equations (7.15) by k we obtain 


(7.17) kV; = k Dow B; + т, + rkp. 
Subtracting (7.16) from (7.17) we get 
(7.18) (rk — r + 30; = kV; — Ti. 


Substituting from (7.12) and (7.13) 
tk —r +A = rk- 1) ЖА = 1) + = №. 


Hence 
в = у, 
1 
(7.19) 0; = w (kV; — ТӘ, 
a 1 1 Go 
a B, = kV; — T) — у. 
b; = p Mv У ( БЫ 


We observe that (k — 1)V; and T; — V; are independent 
quantities and therefore 

2 

e = xg [e — Dr tré- 0] 

(7.20) 

d = 05 0-0, 

er XS РЭМ 
We now apply Theorem 4.2 to the sequence of hypotheses 


Ну: Biyu) =t: ++ Hi: v =0(= 1, :,9, 
His HOU ebore 


Then Я $ 
xa-izzs-z(-iz". 


k“ d 


e 
і 


e 
\ 
M 
Se 
\ 
el 
M 
X 
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On aecount of the conditions of an incomplete block design 
the expression for Q, — Qa is symmetric in the v; , @ = 1, 

, v). Hence by Theorem 4.5 and on account of 7.20 
N 
0.-0.= Е Èt, 
(7.22) 
v 
0. = EX-i1EBH- pr s 

To carry out tests of significance for the hypothesis v; — v; 
it is necessary to know the variance of 0; — 0; . We have 
(7.23) hy mod, d ob РА 

Now ô; and 2; are given by (7.19). Counting the observations 
common to the terms in (7.19), we find no common observation 


in V; and V; , \ common observations in V; and T; or V; and 
T; and kA observations occurring in Т; as well as in T; . Thus 


Noa, = (—kX — КА + kX)o? = —– Ао? 
and therefore 


dis;  2k(v — 1) , 2k — 2k 
gr SU OW UU. 
Applieation of the corollary to Theorem 4.3 then yields the 
proper test statistic for testing the hypothesis 0; = v; . 

To find the efficiency factors with respect to 0; and 6; — 9; 
we have to compute the variance of the estimates 0; , 9, — 0; 
in à two-way classification design with r replications and these 
are easily found to be v — 1/rv and 2/r respectively so that 


in both cases the efficiency factor is \v/rk. This is mostly quite 
satisfactory, as for instance in the designs 


(v, b, т, k, X) = (16, 24, 9, 6, 3), (8, 14, 7, 4, 8), 
(11, 11,5,5,2) or (21, 21, 5, 5, 1). 


CHAPTER VIII 
Galois Fields and Orthogonal Latin Squares 


Ir was sEEN IN ОнАРтЕЕ VII that the analysis of sets of 
orthogonal Latin squares and of incomplete balanced block 
designs offers no particular difficulty. The construction of 
these designs however leads to very interesting combinatorial 
problems, some of which are not yet completely solved. 

A Latin square of side m is an arrangement of т letters into 
т? subsquares of а square in such а way that every row and 
every column contains every letter exactly once. Two Latin 
Squares are termed orthogonal if, when one is superimposed 
upon the other, every ordered pair of symbols occurs exactly 
once in the resulting square. Thus the Latin squares 


ABC авт 
BGA yas 


САВ fye 


are orthogonal. The problem of constructing, for instance, a 
set of r orthogonal Latin squares of side m could be regarded 
as solved if we either can give a method by which such a de- 
sign can be constructed or are able to prove that the design 
cannot exist. This problem is at present still unsolved for many 
combinations of r and m. Various methods have been dis- 
covered however for obtaining solutions in a great many cases. 
In fact, within the range useful in the design of experiments, 
the solution has been obtained for most cases with only a few 
exceptions. The experimenter will usually not go beyond m = 
13. The problem of the construction of orthogonal Latin squares 
Within this range is solved for m = 2, 3, 4, 5, 6, 7, 8, 9, 11, 13. 
That is to say, (т — 1) orthogonal Latin squares of side m 
can be constructed for m = 2, 3, 4 5 7, 8, 9, п, 13 while it 
is proved that no six-sided orthogonal pair exists nor more 
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than (m — 1) orthogonal Latin squares of side m. An orthogonal 
pair of side 12 can be constructed, but it is not known whether 
a pair of orthogonal 10 sided squares or a triple of orthogonal 
12 sided squares exists. 

To understand the methods by which orthogonal Latin 
squares have been constructed we need certain elementary 
concepts of algebra and of the theory of numbers which will be 
developed presently. 

Let a, b, m be integers. We shall write 


(8.1) a = b(m) 


in words, a congruent to b modulo т, if m divides a — b. Such 
congruences can be treated like equations. For instance if 
а = (т), then a + c = b + c(m), ac = bc(m). The proof of 
these two propositions is left to the reader. If also c = d(m), 
then ас = bd(m), a +c = b + (т). 

Proof: According to our definition we have 


a— b= №, c— d = №, Ai , № integers. 
Hence ас = bd + m(Mb + Xd) + Xm? and therefore 
(8.2) ac = bd(m). 


The relation a + c = b + d(m) follows in a similar manner. 
The rules for division of congruences are not so simple. We 
shall prove however the following rule: 


If ac = be(m) and t = (m, c) is the greatest common divisor 
(g.c.d.) of m and c then 


(8.3) a= қ"). 
Proof: ac — bc = dm, № integral. Hence 


(8.4) a beman, 
c c/t t 
The left side of (8.4) is an integer. Since m/t and c/t are integers 


and ¢/t is prime to m/t, it follows that А is divisible by c/t. 
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Hence A/ (c/t) is an integer and m/t divides a — b. In partieular 
it follows that we may divide a congruence by any number 
which is prime to the modulus. If m is a prime number p then 
we may divide congruences mod p by any number a such 
that а з O(p). 

In the following we shall always caleulate mod p. That is 
to say, we shall replace every number by its smallest positive 
residue mod p. For instance 4 + 2 = 1(5) 2.8 — 1(5) and 
80 forth. 

Let p be a prime number and form the following design. 


0 1+++р—1 
7 1+7›—2—-1+] 
(8.5)L;= 2j 1+2j---p—1+2j j-21,--p-1 


(p-1j yi <0- (p- 1j. 


All numbers in L; are reduced mod р. We shall show that L; 
is à Latin square. If this were not true, then since only the 
Symbols 0, 1, --- , p — 1 occur in L; , we would have some 
TOW or column in which one of the symbols occurs twice. If 
the ith row contains the same number in the kth column and 


in the rth column we should have 
k + ij =r + 90), 
k = r(p). * 


A similar argument shows that every column contains every 
number exactly once. Thus L; , (j = 1, +++, p — 1) isa Latin 
Square. We shall show now that L, ıs orthogonal to L; if ғ j. 
If this were not the case, we should have the same ordered 
Pair of numbers occurring in two different boxes of the square 
Which results from superimposition of L; on L; . Let mn be a 
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pair which occurs twice and assume that it occurs in the oth 
row and fth column and in the yth row and éth column. 'Then 


В+ој = ô + тј = т(р), 


B+ oi 


\\ 


ô + yi = п(р). 
Hence 
ali — j) = 1 — Ф). 

But —p < (i — j) < p and (i — Л is therefore prime to p. 
We may therefore divide by ? — j and obtain a = y(p), 
B = &(p). ә 

Аз an example we present а set of 4 orthogonal 5 sided 
squares. 


Ly І, Dy І, 

01234 01234 01234 01234 
12340 23401 34012 40123 
23401 40123 12340 34012 
34012 12340 40123 23401 


40123 234012 23401 12340 


If we consider the properties of the system of residues mod p 
which were used in constructing the L; we note that, partic- 
ularly, the uniqueness of the division was necessary. Because of 
the uniqueness of the division the residues a, 2a, --- , (p — 1)a 
are (p — 1) different residues all different from 0 provided 
a # 0(р). Hence one of them must be the residue 1. Thus to 
every residue а # 0(р) there exists a residue a^^ called the 
inverse of a such that а-а! = 1(p). 

From our method of constructing m — 1 orthogonal squares 
if m is a prime number, it may be surmised that we can always 
construct m — 1 orthogonal Latin squares if we have a system 
$$ of т elements satisfying the following conditions. 
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To every pair of elements a, b in {ў there exist two uniquely 
determined elements a + b and a-b in §. The "addition" and 
"multiplication" satisfy the following conditions: 


I. a+b=b+4, ab = ba, The commutative law. 


IL @+b)+ce=a+(b+0), (ab)c = a(be), The 
associative law. 


III. There exist two elements 0, 1 in § such that 
a+0=a al=a 


for every a in §. 
IV. To every а з 0 there exists an element (—a) and an element 


аг‘ such that 
E 


a+ (7a) = 0, aa = 1. 


The element a™ is called the inverse of a. 


V. c(a + b) = ca + cb, The distributive law. 


A system satisfying the postulates I — V is called a field. If 
the number of elements, which we shall call the marks of the 
field, is finite, then it is called a finite field or a Galois field. 
It may be remarked that the commutative law of addition, 
and, if the field is finite, also the commutative law of multi- 


plication need not be postulated. E 
Let go = 0, gı = 1, 92) ^ › 9m-1 be the elements of the finite 


field § and form the designs: 


0 1 ttt (noi 
gi git ee (pot dna 
gige +1 7 did dna 
(8.6) L=. (621, ‚т — 1) 


Bini Bini T lot Fidei ni + 
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Then by exactly the same argument that was applied in the 
case of the field of residues mod m we can show that Li, ^*^ ; 
La- is a set of m — 1 orthogonal Latin squares. Hence we 
have 


TuronEM 8.1: If go = 0,9: = 1,92) 77 s doi are the marks 
of a finite field, then the designs L; of (8.6) form а set of m— 1 
orthogonal Latin squares. 


In a field $ the following propositions hold: 

Proposition 1: 4-0 = 0 for every a. 

Proof: a = a(l +0) = a + a-0; adding (—а) to both sides 
of this equation we obtain Proposition 1. 

Proposition 2: ab = 0, а # 0 implies b=0. 

Proof: This follows by multiplying ab = 0 with a”. 

We denote by m-z where m is an integer and z à mark of 
§ the sum of mz's. We then have 

Proposition 3: If m is an integer such that m:1 = 0 then 
т.х = 0 for every x. If тх = 0 for one x # 0, then my = 0 
for all y in $. 

Proof: If т:1 = 0 then mz = (m:l)y = Or = 0. Also if 
mz = 0 then mz = (m:1)z = 0 if z # 0 then by Proposition 
1 m-1 = 0 and therefore т-у = 0 for every y. 

Proposition 4: Let p be the smallest positive integer for which 
pil = 0 then р is a prime. (Such an integer need, of course, 
not exist.) 

Proof: Suppose р = mn, m < p, n < P then mn:l — 
(m-1)(n-1) = 0. Hence either m-1 = 0 or n-1 = 0 contra- 
dicting the significance of p. 

The number 7 is called the characteristic of the field. If there 
is no integer p for which p-1 = 0 then the field is called a field 
of characteristic 0 and is necessarily infinite because the ele- 
ments n-1, n = 0, 1, --- ad. inf. are then all different. 


TuxonEM 8.2: The number of elements in a Galois field $$ is а 
power of its characteristic p. 


Proof: Put w, = 1. If there is à mark w, # a-l for a = 0, 
iv, p— 1 form all marks аш, + a22, а = 0,1, +t, P 7 Àj 
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а, = 0, 1, --+ , p — 1. These are р? different marks. If they 
do not yet exhaust all the marks of § then take a mark w, 
different from aw, + азо, and form all marks aw, + аш» + 
asw; . Continue the process until all marks of $ are exhausted. 
Іар, --- , w, are obtained in this way, then аш, + +++ + aw, 
(a; = 0, 1, --- , p — 1) represent all the marks of §. If 


(87) ашм: + au, = bios do bu, 


then (a, — b,)w, + +++ + (a, — bn)Wn = 0. Let k be the 
largest number for which a, — b, = —c, ғ 0. Then 


сш, = (a, — byw, + ++ H (i — Der) e 
Let c;' be the inverse to с, in the field of residues mod p then 
w, = c; (a, — bw, + Hee (mea 3) а-а 
= dw, + d diea 


where d, , +++ , d,., are residues mod p. But this contradicts 


the significance of w, . Hence § contains p" elements. 
Let a be any mark of a Galois field, G.F.(p"), and form 


1, o, o), --- , ай, «++, Since the number of marks is finite we 
must have for some k > j 


k-i 
о = ol, a’ = 1. 


Definition: If t is the smallest positive integer such that a = 1, 
then t is called the order of a. 


Let 2; , --- , луу be all the non-zero elements of G.F.(p") 
then 
OL Oy *** OX, i = T *°° Xy ifo ~ 0. 
Hence 
(8.8) QU -1 foralle~0. 


We shall prove now several propositions on the order of 
elements of a finite field $. М ^ d 

Proposition 5: If s is the order of а and o^ = 1, then n = 0(з). 
For we can find an integer А such that n = As T T0 e 
and o^ = 1 implies а’ = 1, hence r = 0, since s is the order of a. 
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Corollary: If s is the order of œ then p” — 1 = 0(s). 

Proposition 6: If a has the order s and B the order t and (s, t) = 1 
then a8 has the order st. 

Proof: (a8)' = 1 implies В" = 1 and sr = 0(2) by Proposition 
5. Hence т = 0(0) and similarly т = O(s). Thus r = O(st). But 
(о8)'* = 1 and st is therefore the order of a8. 

Proposition 7: If о has the order Ми then o? has the order и. 

The proof is left to the reader. 

Proposition 8: If s is the largest order occurring in a Galois 
field $ and if t is any order then s = O(). 

Proof: If s # O(t) then for some prime p we should have 
s = p'r, t = p'r’, (р, т) = (p, 1") = 1, f > e. If a has the order 
s and B the order /, then by propositions 6 and 7 op" has 
the order p-r > s, but this contradicts the significance of s. 

Definition: A mark of order p" — 1 in the Galois field of order 
р" is called a primitive root. We are now prepared to prove 


Turorem 8.3: A Galois field G.F. (p") of order p", has 


é(p^ — 1) primitive roots, where Ф(т) denotes the number of 
residues mod n which are prime to n. 


Lemma 8.1: A polynomial P(x) = x" + az" ^ + +++ + s 
of degree n with coefficients in G.F.(p") has at most n roots. 


Let а be a root of P(x). Then Р(о) = 0. Hence 
P(e) = P(z) — P(a) 
= —aow-e Ras: — a) = (х— a)Q(a) 


where Q(z) is a polynomial of degree (n — 1) with coefficients 
in G.F. (p"). If 8 is a root of P(x), then by Proposition 2 either 
В = aor Q(8) = 0. Lemma 8.1 then follows easily by induction. 

Proof of Theorem 8.3: Let s be the largest order occurring in 


G.F.(p"). Then since every order divides s we must have for 
every a in G.F.(p") 


(8.11) а = 1. 
Ву lemma 8.1 it follows from (8.11) that s > p" — 1 but 


also p” — 1 = 0(5) and therefore p^ — 1 = s. Thus there 
exists at least one primitive root. Let w be this primitive root, 
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then ш* where i is prime to p" — 1 is also a primitive root. 
Hence there are ф(р” — 1) primitive roots. 

If a primitive root is known then the construction of a set 
of (m — 1) orthogonal Latin squares can be simplified con- 
siderably. Let w be a primitive root and 0, 1, 2з, -:* , 2, be 
the elements of a finite field of order n then 


0 1 е Tn 
wt 1+w°*' iin atw’ 

(8.12) L, = w' 1w -- zw — (i-0,,-—2) 
oe idu m х." 


аге л — 1 orthogonal Latin squares. It should be observed that 
Г... is obtained from L; by cyclically permuting the last n — 1 


TOWS. 
We now proceed to construct а G.F.(p") for every m and 
every p. If m = 1 then the residues mod p form a G.F.(p). 


We consider polynomials 
pla) = a baa deca 

whose coefficients a: , *:* , à, are elements of a field. We shall 
prove: 

Тнковем 8.4: If p(x), q(x) are polynomials with coefficients in 
a. field § then there exists a polynomial d(x) such that 
(8.13) p(x) = 0000), a) = 0(d(2) 
and such that р(х) = 0(h(2)), «(3 = O(h(z)) implies d(x) = 
O(h(x)). Further there exist polynomials a(x) and b(x) such that 
(8.14) a(z)p(z) + 5(®)ч@) = d(x). 

If а(х) has the first coefficient 1 then а(х) is called the greatest 
common divisor of p(x) and q(x) and we shall write 


(8.15) (p(z), 2) = 92). 
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If d(x) fulfills the conditions of Theorem 8.4 then a-d(x) also 
fulfills these conditions for every non-zero mark a of §. Hence 
if b is the first coefficient of d(x) then b^'d(x) also fulfills the 
conditions of Theorem 8.4 and has first coefficient 1. It also 
follows that the greatest common divisor is uniquely deter- 
mined. 

Proof of Theorem 8.4: Consider all expressions of the form 


(8.16) a(z)p(z) + b(z)q(z) = d(x) 


for all а(х) and b(z). Let d(x) in 8.16 have the lowest possible 
degree whereby the polynomial 0 is not considered to have а 
degree. We shall prove that d(z) satisfies the conditions of 
Theorem 8.4. By long division we can obtain a polynomial h(z) 


such that 
(8.17) р(х) — h(x)d(z) = r(x) 
is either 0 or has a smaller degree than d(x). Multiplying 8.16 
by h(x) we have 
h(z)a(x)p(x) + h(x)b(z)g(z) = p(x) — r(x) 
Putting 


az) = —[h(a)a(z) — 1), Da) = —[h(@)b(@)) 


we have 


a(z)p(z) + b(z)q(a) = rz). 


Since d(x) has the lowest degree of all polynomials 8.16 it 
follows that r(x) = 0. Thus р(х) = O(d(z)). Similarly q(z) = 
O(d(z)). From 8.16 it is obvious that d(x) also fulfills all the 
other conditions of Theorem 8.4. 


Definition: If g(x) with coefficients in a field $ has no divisor 
a a and a-g(x) with а С §, then g(x) is called irreducible 
in $. 

We now define congruences modulo a polynomial m(x) in 
exactly the same way as congruences in the system of all in- 
tegers. We then calculate mod m(z) by adding, subtracting, 
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and multiplying in the ordinary manner and by always re- 
placing every polynomial f(z) by the residue of smallest degree 
obtained in dividing f(a) by m(x). 

"THEOREM 8.5: If g(x) is irreducible in $ then the residues mod 
g(x) in the system (шж) of all polynomials with coefficients in § 
form a field. 

That the field postulates are satisfied by the system of 
residues mod g(z) is obvious except for the existence of an 
inverse. Hence Theorem 8.5 is proved if we can prove: To 
every f(z) 4 0(g(x)) there exists a g(x) such that f(x)q(z) = 
1(g(x)). This is equivalent to stating that there exists a A(x) 
such that 


(8.18) Jæ) — 1 = A629). 


Since g(x) is irreducible and f(z) # O(g(x)) we have (f(a), 
g(x)) = 1 and Theorem 8.5 follows from 8.16. 
We now take $ to be the finite field, G.F.(p) of residues 


mod p, then we have 

Corollary to Theorem 8.5: If g(x) of degree т with coefficients 
in G.F.(p) is irreducible in G.F.(p) then the residues mod g(x) 
form a Galois field with р" elements. 

Every polynomial with coefficients in G.F.(p) is, mod g(a), 
congruent to one of the p” polynomials 
(8.19) а + at H А aam 
, d,-1 may be any of the residues mod p. 


where ao , a, °** ) ) 
Hence to construct a G.F. (p") we have to find an irreducible 


polynomial of degree n with coefficients in G.F.(p). Р 
For instance the polynomial z^ + т + lis irreducible mod 2. 
Hence the residue 0, 1, т, = + 1 form a G.F.(2). Also 


а = 1 zd, 
тї = sl + ж + 1), 
аў = + 1(@ + +1). 


lll 
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Hence z is & primitive root of this Galois field. Writing the 
addition and multiplication tables for the marks 0, 1, x, = +1 
we have 


Addition 

0 1 g — vul 
0 0 1 z atl 
1 1 0 2Р1 z 
z т zi 0 1 
gtilaetl x 1 0 

Multiplication 

0 1 z $1 
0 0 0 0 0 
1 0 1 х etl 
x 0 ME RU 1 
ati 0 «til 1 т 


From the addition table we obtain, since z is a primitive 
root, 3 orthogonal Latin squares of side 4 by cyclically per- 
muting the last 3 rows. We shall however replace т by 2 and 
x + 1 by 3. This yields the following 3 orthogonal Latin 
squares. 


0123 0123 0123 
1032 2301 3210 
2301 3210 1032 
3201 1032 2301 
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The polynomial z? + z — 1 is irreducible mod 3 since 
()-0—-12-18, 1°+1—1=1@), 
(-0*'4-(70)0-12(-09. 


The mark z is a primitive root for 


к =i, gi = -1, 
х= 7, а = —z, 
ge-rt1, x = 2-1, 
fe-gal, aeg 


We leave it to the reader to obtain, using this Galois field, 
8 orthogonal Latin squares of side 9. 


TuronEM 8.6: There is a Galois field of order p' to every prime 
p and every т. 


The proof requires several steps. 
Lemma 8.2: Every modulo p irreducible polynomial of degree 
T is, mod p, a divisor of gut ed 
We shall write a(z) = b(z) mod (f(x), P) (in p 
congruent b(z) modulis f(x) and р) if a(x) — D(z) is ie ld 
by f(z) mod p. The residues mod (/(2) p) form a Galois fie 
of order p”. Hence 
ge = 1(f@, p 
(8.20) 
go — 1 = O(f@), P) 
and this is Lemma 8.2. 
ae 8.3: If f(x) is irre . 
en i divisor of ^ -—  , Я 
MS seal cam и SIG, p) and consider the one 
field of residues mod (f(2), p). The order of this үл = ix 
D*. Every element of this Galois field is of the form нна, к à T 
"ағ a,x", k < s where t , t, et , a are resi 


ow 


ducible mod р and of degree s > 7 


7-1 
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(8.21) (в + az + +++ + aux) 
= a + ae +--+ + az (а), р) 


since z^ = z(f(z), р) by assumption. Hence p” — 1 is an upper 
bound for &he order in our Galois field, but this contradicts 
Theorem 8.3 since s > r. 


Lemma 8.4: The polynomial x” — 1 has no double roots mod 
р if т # 0(р). 

We can define the differential quotient for polynomials mod 
p by the same formal rules as in ordinary caleulus. It is easy 
to prove then that a polynomial has, mod p, a double root 
only if f(z) and df/dz have a common factor. But obviously 
х” — 1 and тх"! have, mod р, no factor in common if m is 
prime to p. 

We can now prove Theorem 8.6: The polynomial z"^ — 1 
has, mod p, no irreducible factor of degree larger than r. All 
the irreducible polynomials of degree f < r are, mod p, factors 
of x”? — 1. Since 2? ^ — 1 has no double roots, the sum of 
the degrees of all irreducible factors of degree f together is thus 
at most p’ — 1. Hence the sum of the degrees of all factors of 
degree <r is at most 


Speri 
7-1 p= 


Hence there must be at least one irreducible factor of degree r. 
Let f(x) be this polynomial. Then the expressions 


(8.22) ao dade dax 
mod (р, f(z)) form a Galois field of order р". 


Definition: Two fields and $ are called isomorphic if there 
exists a bi-unique correspondence a < a’, a С $$, а С Y such 
that a € а, b <b! implies a + b x a! + Ы, ab < аъ. 


THEOREM 8.7: Any two Galois fields with р" marks are iso- 
morphic. 
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It is easy to see that every G.F.(p) is isomorphic with the 
system of residues mod p. We know that there exists a mod p 
irreducible polynomial g(x) of degree т. Let $ be any Galois field 
with р" marks as = 0,0; = 1, 02, *** » а-а: Then 27 — 
1 = (ш m) en i~ ал). Since g(x) mod p is a divisor 
of 27"! — 1 it follows that for some 7 we must have g(o;) = 0. 
Since g is irreducible mod p, the expressions 


т-1 


(8.28) а + аа: + coo + Ores 


where the a; are multiples of the unit element of $ must all 
be different from 0 and thus also different from each other. 
Otherwise g(x) mod p would have a factor in common with a 
polynomial of degree <r. Thus 8.23 presents р" different ele- 
ments of $ and hence every element of $. But the corre- 
spondence f(o;) «> f(x) where f(a) C $ and f(z) is in the 
field § of residues mod (g(z), p) is clearly an isomorphism. 
Thus any two fields $, $ are isomorphic to $ and hence 
isomorphic to each other. 

In an abstract sense we have therefore only one Galois field 
with р” marks. We shall denote this Galois field by G-F.(p?- 

If x in the field of residues mod (f(x), Р) does not satisfy 
any equation 2" — 1 = O(f(z), p) with m < p™*, then z is a 
primitive root. On the other hand if a isa primitive root of 
G.F.(p") then о must satisfy an irreducible equation of degree 
7. Thus if we wish for convenience to have С.Е.(р) presented 
by the residues mod (f(z), p) in such а way that « is a primitive 
root, then we have to remove from 47^ — 1 all factors which 
are factors of z” — 1 for any m < p' — 1. The remaining 
Polynomial has as its roots all the primitive roots of G.F.(p) 
and must therefore have by Theorem 8.3 the degree Фр — 1). 
We shall call it the cyclotomic polynomial of order p' — 1. 

To construct, for instance, G.F.(2) we first form the cyclo- 
tomic polynomial of order 2° — 1 = 7. Its degree is ¢(7) = 6. 
Removing the root 1 from a^ — 1 we obtain 


аана rg bei 
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This polynomial must mod 2 decompose into 2 factors of 
degree 3 each. Thus 


(«а aba cx Бх Б D) 


= (2° + ar? + br + (a + da^ + bx + 32) 
Hence 


I 


@ = 1(2),c = с = 10), b + b = 1(2). Let = 0, b = 1(2). 
Then y 

Tc + а + bb = a-Fü = 10) c +3 + а + bū = а = 2). 
Hence a = 1(2), @ = 0(2) and 

аа Ба Ба Ба? Бх +1 


= (za + Ie +2412). 


It is left to the reader to construct G.F.(2*) and 7 orthogonal 
i res of side 8. 

pce ram values of p' — 1 it is rather laborious to find mod 
p irreducible polynomials of degree r by decomposing the 
cyclotomie polynomial of order p' — 1. It is however easy to 
find irreducible polynomials in other ways, if we are willing 
to forego the advantage of having х as a primitive root. For 
instance, if p is odd then there always exist residues a for 
which z^ = a(p) is not solvable. Then z? — а is irreducible 
mod p. The polynomial z? — z is identically 0 mod 3; thus 
а" — x — 1 is irreducible mod 3 since it otherwise would have 
a linear factor mod 3. The polynomial z* + x + 1 is irreducible 
mod 2. Obviously it does not have the root 0 or 1, thus the 
only possible decomposition would be of the form 


tot 1 = (4 bz + DG + з + 1)(2). 


From which it would follow that b +b = 1(2) and b + b = 
0(2) which is impossible. With these and similar considerations 
one easily obtains the following irreducible polynomials: 
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mod2 2+2t1¢e+et+1etethetet+), 


mod3 а += – 1, 2 – х= +1, 
mod5 æ +2, 


mod7 2? +1. 


ane polynomials take care of all Galois fields with less than 

= ешп апа these satisfy all needs that have arisen so far 
e design of experiments. 

Nor Theorem 8.6 and Theorem 8.1 we see 

Mono UR Latin squares of side m can always be con- 

eRe ed, if m is the power of a prime. If m is not the power 
prime then m may be decomposed into prime powers. 


m=pt pt (P: р). 
e consider "points". 


that & set of 


We then construct the following system. W 

у= (4%, gP, gh PC G.F”). 
We define addition and multiplication by the rules 

yı fus = (9:9, ssia gt?) Е P, eg gt?) 

= gig s a anm. 
for instance, 
ultiplication. 
II for multi- 
hich 


The system thus constructed is not a field since, 

ыш, (0, 1, ++- , 1) has no inverse in m 

Homer the postulates I-IV for addition and T I for 

ave ion and postulate V are fulfilled. All the points" w. 
no 0 among their coordinates possess inverses. 


Let 
b б бе шейт 
3 the marks of G.F.(pt) then ifr = min,(pi' — 1) the 
Points” d 
0<ј&т 


(8. 
0) = (gf? gf, h 


i 
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possess inverses and also у; — vy; does if i = j. Now we number 
the points y in such a way, that the first r elements are given 
by 8.24 and form the r arrays. 


0 1 Ym-1 
Yi FL su Yi Ya 
(8.25) L; = ym viva +1 meo Yaya "inci 


"YiYm-i — 'YiYm-i +1 ee тн T Ys 


We prove first that L; is a Latin square. Suppose the ath 
row would contain an element twice then 


Vita + Yr = Vita A Yi 


from which y, = y; , k = l follows. Suppose that the 7th column 
contains the same element twice, then 


т т = т HY ј <т 
and since у; possesses an inverse this implies y, = y; . 

We shall now prove that L; is orthogonal to L; if i з j. 
Assume that they were not orthogonal. Then in superimposing 
L, on L; we should have two compartments in the resulting 
square containing the same pair of “points”. If this pair occurs 


in the oth row and the 8th column and in the cth row and the 
rth column, we should have 


Vat Ve = үгіт: 


Va + Ya = Үгү, + ү». 
Hence 


(8.26) Qi — Va = (у: — vv. 


and since y; — y; possesses an inverse 8.26 implies y, = vy, 
and consequently ур = y, . Thus we have 
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Turorem 8.8: Let gl, , gẹ, -+-+ , gs: denote the elements of 
G.F.(p), --- , G-F.(p?) respectively where gs’ is the 0 element 
and gi? the unit element of С.Е.(р?). Form the points 


y = (gP, 98, a 98) 


which are multiplied and added by multiplying and adding their 
coordinates. Let further 


y = (gP, + 98), 0<1<т=юш(р — 1) 


and number the remaining points in any arbitrary way from 
r+1tom = pi ++: р’ in such а way that y, = 0 = (0, 
+++, 98°). Then the arrays 


0 1 see "wi 
Yi у 31 t Тт-1 
үг + 1 eco түз H Yu G= lr” 


L; = ym 


Yim- Yia + 1 Yim F Yn 


form a set of r orthogonal Latin squares. 


This result is the best that has been obtained so far. No case 

of more than r = min, (pt' — 1) orthogonal squares is known 
to date. Tarry (Le Probleme de 36 Officiers. Comptes Rendus 
de'l Association Francaise pour L’avancement des Sciences Il 
(1901) pp. 170-203) found by & skillful tactical enumeration 
that no 6 sided orthogonal pair exists. For numbers larger than 
6 which are not powers of а prime the problem is completely 
unsolved’ although it has been considered by mathematicians 
— 
JAR i $ ript R. H. Bruck and H. J. Ryser 
e que ЫЛ ОСУ Тугуй the non-existence of т — 1 
orthogonal squares of side m if m = 1, 2 (4) and the square free part о 
is divisible by a prime of the form 4% + 3. 
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long before Latin squares were applied in designing experi- 
ments. 

It can readily be shown that no more than m — 1 orthogonal 
Latin squares of side m can be constructed. For we may always 
arrange the numbering in the Latin squares in such a way that 
the first row is 1, 2, ++- , m. Then in the remaining com- 
partments different Latin squares must contain different num- 
bers which must also be different from the column number. 
Thus at most (m — 1) Latin squares of side m can occur ina 
set of orthogonal Latin squares. 

Historieally it may be remarked that the first proof of the 
existence of (m — 1) orthogonal Latin squares if m is a prime 
power seems to have been given by MeNeish. (Annals of 
Mathematics, Vol. XIII, pp. 221-227.) The methods for the 
construction of orthogonal Latin squares presented in this book 
were found independently by W. L. Stevens (Nature, Sept. 
3, 1938) and by R. C. Bose (Sankhya, Nov., 1938). 


CHAPTER IX 


The Construction of Incomplete 
Balanced Block Designs 


incomplete balanced block designs 


finite projective geometries have been utilized and yield whole 
series of these designs. For our purposes it will be sufficient to 
consider finite analytic geometries. The points of these geome- 
tries are defined as follows. We consider G.F.(p"). A point in 
the m dimensional finite geometry P.G.(m, p") is an ordered 
set of m + 1 elements of G.F.(p"), not all of which are equal 
16 0. Two sets (д. *** Due) (Lo "77 + Ges) Tepresent Фе 
same point if g; = Mj, i = bL: m +1, Of AC GF.(p). 
For any two distinct points p = (o зө gea Pa = 
(01, +++ , 97.1) we define as the line joining them the set of all 


points of the form 


IN THE CONSTRUCTION of 


(9.1) Мр, + р = бый F Magka Medea + №) 


м,№ CGF.) 


where at least one of the А8 is different from 0. р 
The system of points and lines obtained in this manner 18 

called the analytic projective geometry of G.F.(p) of m di- 

mensions and is denoted by P.G.(m, р”). , 

We first compute the number of points in P.G.(m, p ). There 
are p"™+D ordered sets of m + 1 marks of G.F.(p"). Since we 
excluded the set (0 --- 0) there samain p ^ — 2 ordered 
Sets at least one of whose elements is di erent from 0. These 
may be arranged in groups of p^ — isets all of whose elements 
“elie pre the same points, since notte йын) = 0077? 

9m+1) for every А 7 0 in G.F.(p"). Hence there are 


nm 


(9.2) per = ogee te 
pL 
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distinet points. The lines are given in the form №: T №р 
where р, and p; are distinct points. The points of this line RID 
given by their line coordinates №, , А, . Two points м, м ; 
ш, из Will be distinct if (Ai , А,) ғ v(m , вз) for all » in G.F.(p ). 
Hence the points of a line form an analytic one dimensional 
geometry and the line has therefore 1 + p" points. N 
We now consider the k dimensional subspaces of P.G. (m, p"). 


Let pi, +++ , Dis: be k + 1 linearly independent points. That 
is to say 

(9.3) xpi ose А араа = (0, 555,0) 

implies №, = ++- = № = 0. We consider then all the points 


of the form Xp. + ++- + api - Assume that two of these 
points are equal. Then 


мр, + ee + əр = v(upi T4 [TR 
Qs = »u)m + d (Ма — Poe) Pea = (0, +++, 0). 
Since pı , --- , p.i are independent this implies 


М = эш, e y Nisa = Wei. 


We can now introduce coordinates №, , ·.. ; № in the k 
dimensional subspaces. Clearly for k 2 1 the subspaces con- 
tain for every two points also the line joining them, Hence 
every k dimensional subspace of a P.G.(m, р") is itself a Р.С. 
(k, p") and has therefore 1 + р" + ... + р“ points. We now 
compute the number of P.G.(k, р") contained in a P.G.(m, p"). 
Every P.G.(k, p") is determined by a set of (k + 1) inde- 
pendent points. The first of these, p, , may be chosen in 1 T 
P” + +++ + p" ways. For Pa we have then p^ + ... + р" 
choices. For the third Pa we may choose any point not on the 
line through p, and р, which leaves us D^ + --- p™ choices. 
After the lth point (I < k + 1) has been chosen, we may choose 
for the (1 + 1)th point any point not in the P.G.(l — 1, s^) 
determined by p, , -.. , p, . Thus 1 + Р +++ ро 
points are excluded and р" 4 p”” are left to choose 
from. Thus the number of distinct ordered sets of k + 1 inde- 
pendent points in P.G. (m, р") is 
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(9.4) (poene prp eae: (psp eene 27: 


The number of ordered sets of (k + 1) independent points 
in P.G.(k, р") is by 9.4 


(++ р“) es (pit? T» р")р". 


Hence the number of P.G.(k, Р) contained in P.G.(m, p") 
becomes 


a+ ПОТЧИНЕ ЕНБ ЛЕНЬ $B") 
AF rem +p") xs (pit " + pp” 


We finally want to find the number of P.G.(s, p") in P.G. 
(m, p") which contain а given P.G.(k, р"). We first choose & 
point p,., not contained in the given P.G.(k, p"). This point 
Pasa may be chosen out of gern ep points. We then 
choose p,,, out of the p ^*^ + «*- + p™ points not contained 
in the P.G.(k + 1, p") which contains p, and the given P.G. 
(k, р"). Continuing in this manner we can obtain a P.G.(s, р') 
containing the given P.G.(k, p") in Qe «es be 
(p™ + +++ + р") ways. Putting m = 8 we see that every 
P.G.(s, p") is obtained in this manner in (p^*9^ + НВ") 
++. (р“®" + p™p™ ways. Hence fors > k we must have 


(9.5) 


ghon p oe +р7? t o FP) 


Caidil + D + p") E e + pp" 


different P:G.(s, p") in P.G.(m, Р?) which contain a given P.G. 
(k, "). 


Summarizing we have: 


1. Every P.G.(m, p") contains exactly 1 photo p" 
points. 
2. Every P.G.(m, p^) contains exactly 


Qip tp Gt te РОР). 
(1 + p* + CD + p") ave (p ^" + PP 
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3. Every P.G.(k, p") in P.G.(m, р") is contained in 


(р®+* A MEUS Jp ees (p^ Eee Ae p") 
(piros S ees + p") "à (pi^? Toy" 


P.G.(s, p")'s fors > k. 
For k = 0, 1 one obtains in particular: 
A. Every point is contained in 


at tp) OH Ерт) 
(p* JE aes + p") Ns (pn ES pp" 


T 


P.G.(s, р") of a P.G.(m, р") т> 5> 0. 
B. Every line is contained in 


y еШ Е EE dp") eO (p7 + soe Ta) 
Q^» n) 


P.G.(s, р") for m>s> 1. 


Every P.G.(s, р") contains with every pair of points also the 
whole line joining them. Thus every pair of points is contained 
in А different P.G.(s, р"). 

We may now identify the points with 


varieties and the Р.С. 
(s, р") with blocks. Then we hav: 


€ the following theorem. 


THEOREM 9.1: The P.G.(s, p") contained in a 


P.G.(m, p") form 
а balanced incomplete block design with the para sald 


meters 
Q6 ъ= Ate ame ре... um 
1+ --. Tomy se "um XE 


an 


p")p 
= b(s, m, p"), 


- 
ll 


п e EE + p" = v(m, p”), 


=1+р +... + р" = kis, р), 
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(pt р) b 9m 
(hc) QU рр 


r 


ll 


r(s, m, р”), 
1 ifs=1 


qe ре) os (pt В) 
(p + тучы + p") ket @ е” + pp" 


= Xs, m, р") its. 


We next consider the points in P.G.(m, p") common to a 
given P.G.(m — 1, p") and a given P.G.(s, p") not contained 
in it. Let р, be a point in the P.G.(s, p^) which is not contained 
in the P.G.(m — 1, p). Let qı, С s Ym be m linearly inde- 
pendent points in the P.G.(m — 1, p°). Then pi, Фф," s Im 
are m + 1 linearly independent points and hence every point 
of P.G.(m, р") is of the form 

мр + мї ooo Ан + 
Now let p, , pa, 7 » Pati be 8 + 1 linearly independent 
points of the given P.G.(s, Р): Then for every 7 we must have 
an equation 


(9.7) p, = Мр, HNPa + oe Ande 


_ Therefore pi = p; — №, = 2,.-,5TLis contained 
in the P.G.(m — 1, p"). The points p: , `` > pls: are obviously 
linearly independent. Hence the P.G.(s — 1, p") of points of 
the form dsp + s + МР! is contained in the P.G. 


it р all the points of the given P.G. 
, р). But these are uei oie 


(s, p") which are contained in the P.G.( n | iy: 
Were another point pi of the P.G.(s, Р) contained m e 
P.G.(m — 1, p") and linearly independent of pi, ''" » Pe» 
then kipi spore de Дан would present every element in 
the P.G.(s, р"), contrary to the hypothesis that no 


Points are contained in the P.G.(m — 1,2). 


t all its 
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Now by deleting from a P.G.(m, p" any given P.G. 
(m — 1, p") and all its points one obtains another system of 
points and lines which is termed the finite analytic Euclidean 
Geometry E.G.(m, p") of m dimensions. Every P.G.(s, p") con- 
tained in P.G. (m, p") but not in the P.G.(m — 1, р") becomes an 
E.G. (s, р"), since by deleting a P.G.(m — 1, p") from P.G.(m, p") 
we also delete a P.G.(s — 1, p") from each of these P.G.(s, р") 
contained in P.G.(m, p"). The number of points of an E.G. 
(m, р") is 

v(m, p") — v(m — 1, р") = p". 
The number of E.G.(s, р") contained in E.G.(m, р") is 
b(s, m, p") — b(s, m — 1, p^). 
The number of E.G.(s, p") containing a given E.G.(k, p^) is 
the same as the number of P.G.(s, p") containing a given 
P.G.(k, p"). Hence we have 


THEOREM 9.2: The E.G.(s, p") contained in an E.G.(m, р) 
form a balanced incomplete block design with the parameters 
b = Ыз, m, р") — b(s, m — 1, р), 
Jp 
(9.8) Kip", 
т = т(8, m, р), 
A = №, m, р). 


Аз an example we cons 


truct the lines of th 
the E.G.(3, 2). Applying еа dur 


9.6 and 9.8 we see that we have in 
the P.G.(3, 2) exactly 35 lines and 15 points and in the EG. 


(8, 2) exactly 28 lines and 8 poi 

( i i points. Every point must occur 

2 is ear line of the P.G.(3, 2) contains 3 points and 

r me о the E.G.(, 2) contains 2 points. Hence the bal- 
ed block designs which we Shall obtain have the parameters 


B9» ЗЕ теў, ket кеш 
b= y= B ушт k=% xad 
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The second design consists simply of all pairs of points and can 
easily be obtained directly. G.F.(2) consists of the two elements 
0, 1 with the rules of composition 0 + 0 = 0,0+1=1+0 = 
1141-20. 

The points are then given by 
1011, 


pı = 1000, ps = 1100, Po = 0101, is 


1010, pio = 0011, pu = Olll, 


p. = 0100, ре 


1110, IH 


\ 


= 
\ 


0010, р; = 1001, pu 


Рз 


p. = 0001, рь = 0110, pi = 1101, 

‚ The lines can be obtained by taking pairs of points, for 
instance, p, and p, and forming мр + Mp; for (№, №) = 
(0, 1), (1, 0), (1, 1). Thus for instance the points in the line 
Pi, p, are p, , p, and pi + Р: = Р: The lines through Pı ; Ps 
and p, , ps need not be construeted if the line through pi , Pe 
has already been written down. Proceeding systematically in 
this way one obtains 35 lines. 


Tipi рь , PPs Ps › PsPs Pu» pipupis, Po Pi2Prs » 


PPs Do , P2PsPo › PPr pis; PsPoPs » рт Ps Pis » 


PPa Pr , Poo Pir P3Po Pia» pipi Po › Pr PuPu» 


Ф\рв руу, Рр: Раз › PsP12P 15 » PsProPis » Ps Po Dio › 


PiPo Рі, P2Pr0P14 » р:” P12 › pspuspie з Ps qpiopis » 


Tipiopis , P2PisPis » PsPo pis, Ферт Ріо › Po Duis » 
PiPusPis , PoPa Pio, PsPs pu, PsPo Pis > Ріорпр2 · 


If we delete from this design all the points with last coordinate 
0, that is to say, the plane MP: + мр» + MPs then we must 
obtain the E.G (3, 2). The deleted points are Ps » Pr» Pe» Pr 
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Pe, Ps , Pu - The reader may verify that the remaining sets 
consist of all possible pairs of the remaining 28 points. To give 
also a non-trivial example of a finite Euclidean geometry we 
shall construct the E.G.(2, 3). The P.G.(2, 3) has 3* + 3 + 
1 = 13 points; the E.G.(2, 3) has 9 points. G:F.(3) consists of 
the marks 0, 1, —1 considered mod 3. The points of P.G.(2, 3) 
are: 


Pı = 1,0,0, p; = 1,0,1, р = 1,0,—1, Da = 0-21, 1. 
P2 = 0,1,0, р, = 0,1,1, Pi = —1,1,1, ! 


Ps = 0,0,1, р, 


[ 
ù 
ы 
P 


Pu = 1,—1,1, | 
Ps = 110, ps = 1,-1,0, рь = 1,1,—1, 
The line through p, and p, consists of the points p, , p, , 

Pi + р = Pe, Di — р, = De. Systematically proceeding as 
before one obtains the lines: 

PiP2 Ps Ps , P2PsPo Різ, PsPsProP1 , PrPsPoPis , 

Pips Ps Po , P2PsP7 рп, PsPsPrPis , 

Dips p: Pio , Pzpspiopio , PsPoPo Pir , 

PPuPrPr3 , PsPsP7 pio , PsPoPs Piz , 


Now we delete one line, say the first and all the points on it 


and obtain 
Ps Ps Po , PaPe Piz , PsP7 pio , Popopis , 
Ps Pr Dio , PsP7 Pir , P3piopis , PsPoPr2 , 
Dufizpis , Popipis , Pspiopis , D:pspis . 


This is the E.G.(2, 3). 
The E.G.(2, р") can also easily be obtained from a set, of 
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p” — 1 orthogonal Latin squares of side p" which were con- 
structed from a Galois field. We take as points the compart- 
ments of the Latin square numbered from 1 to p". The lines 
are then given by the columns, the rows, and by the sets of 
compartments whose ith number is о, (к = l, +, р), 
G = 1,---,p' — 1). These lines are arranged in т + 1 sets 
of m parallel lines each. Thus for instance the rows are parallel 
to each other. To obtain the P.G.(2, р") one adds additional 
points, the same point to each line of a set of parallel lines and 
different points to intersecting lines, and takes these additional 
points into one additional line. 
Finite geometries furnish whol 
block designs. However, only а 
praetieal interest since the number of re 
most practical cases not exceed 10. 
Other series of these designs can be obtained by applying 
two theorems,first proved by R. C. Bose. (Annals of Eugenics, 
9 (1939) pp. 358-399.) To formulate these two theorems we 
need the concept of a module. A module is a system of elements 
such that to each pair of elements a, b there is uniquely defined 
a sum a + b satisfying the postulates I, II, Ш, IV for the 
addition in a field. For instance the residues mod m form a 
module for every m. A module with а finite number of elements 
is called a finite module. If M has n elements then D is called 
a module of order n. Tn a 
Let M now be a module of order ^ and let m varieties Ai, 
- , А? correspond to every element A of the module. 


We may form blocks of these varieties. 
(9.9) (ASE, ee At?) (APP, s, Ag”). 
hs ‚ А ^ 


From every block of k varieties We may write k(k — 1) 
expressions of the form А, — В, = (A — B), . This ex- 
Pression is called a difference of type yò. | 

Taking for instance аз our module the residues mod 5 we 


could form the blocks 
(0, ‚1«› 2,), 


e series of balanced incomplete 
few of these are at present of 
plications should in 


(0, , 315 43). 
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Then the differences are 1,, , 2,, › 42, 12, 811 , 44 from the 
first block, 312 , 45 , 25 , lor , laz » 412 from the second block. 
The differences of type o£ are called pure if a = 8 and mixed 
ifo ~ В. 

If in 7 blocks every pure difference except 0 is repeated \ 
times and every mixed difference the same number А of times, 
then the differences are termed symmetrically repeated. 

We shall now prove the following theorem. 

THEOREM 9.3: Let M be a module containing the elements 
20), «.. 0970 and let m varieties vi”, ++), vf? correspond to 
every element v'?. The variety V(? is said to belong io the jth 
class. Suppose that there exist t blocks of elements B, , --. , B, 
Such that 


1. The varieties in each block are different from each other. 

2. Among the elements in B, , B, » *** , B, exactly т varieties 
belong to each of the m classes. 

3. The differences arising from B, ;***, B, are symmetrically 


repeated, each occurring № times. 
1] 
В = (009, ... (000) 
апау + 0 = v" let 
(9.10) Bic uu, , vt»), 


Form the blocks B, Jor all i and all ө C M, then: 


1. In the blocks В,, every variety occurs r times. 
tes occur together in the same block exactly 


Corollary: 7f each block B; contains the sa; 


the blocks В,, form an ine me number of varieties 


omplete balanced block design. 


8: Ty pair of elements v, v' of M 


x. 
= v'. Hence since of 


*** ; B, belong to the ż i 
еу А › В, Б to the ith class, the variety 
vi will occur exactly r times. In order that а pair Ua , v, of 
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varieties occurs exactly и times in the blocks Bj» it is necessary 
and sufficient that exactly и times for u4 and v; in the same 
block 

ш +0 = и 
(9.11) à 

v + 6 = 2. 

Hence w = y = u= o= d. Тћешб:= ш ш = ee 
Hence the pair и. , ов occurs exactly as many times as the 
difference d arises as a difference of type 28 in the initial blocks 
В,,..., By, that is to say и = À times. This proves the theorem. 

As an example consider the group of residues mod 2 + 1 
and the pairs 

(1, 20, (2, 22 1), 77, 6 t+ 1). 


Every residue different from 0 arises from these pairs just 
once. Now consider the blocks 


(li, (2); ‚ 09, (2, (2 — Da, 0), 5 (6; 0 Di, 02); 
(la , 20, , Os), (2a , (2t — May 09, >> › Cha (EF 1), 08); 
(5 , (20a , 0), (92, Qt 10,0), › (8, EF Ds, 0); 


(0, , 0, 0). 
exactly once from the first two 
ks. All non 0 mixed differences of 
type 1,2 and type 2,1 arise from the first set of blocks, those of 
type 2,3 and type 3,2 from the second set and those of type 
1,3 and 3,1 from the 3rd set. The mixed differences 0 arise 
from (0, , 0, , 03). Since each block contains 3 varieties, we 
obtain by applying Theorem 9.3 an incomplete balanced block 
design with v = 6 З.Б = (д + 1) G+) r= 8+), 
=8,А = 1. 
For instance let ¢ = 2, then 2t +1=5 and the initial blocks 
are (1, 1 4, " 0,), (2, , БЛ Й 05), (la , 4, , 03), (2; 2 3; , 09, 
(1 , 4, , 0), (2, , 35, 02, (0:,02› 0,). We leave the construction 


ОЁ this design to the reader. 


All pure differences arise 
elements of the first 3¢ bloc 
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Let us now adjoin to the module M the symbol © with the 
rule of operation © + а = ©. We shall now prove the following 
theorem. 


THEOREM 9.4: Let M be a module with n elements и“), +++ , 


што. To every element u‘* let there correspond m varieties 
uy, +++ , us”, whilst one variety corresponds to the symbol œ. 


The variety их") is said to belong to the ith class and the varieties 
ui^ are called finite varieties. Suppose there exist t + s blocks 


Bis e p Byr Bi, s , BL, such that: 


1. The varieties in each block are different from each other. 

2. The blocks В, , --- , B, contain exactly k finite varieties 
each while В! , --- , Bi contain exactly (k — 1) finite varieties 
and œ. 

3. Among the varieties in B, , --- , B, exactly ns — ^ belong 
to each class, while among the varieties in Bi , --- , В; exactly 
A belong to each class. 

4. The differences arising from the finite varieties are sym- 
metrically repeated, each occurring № times. 


We define the blocks В,» , В! as in Theorem 9.3. 

Then the blocks В,, , Blo form an incomplete balanced block 
design with the parameters v = mn + 1, b = n(t + s),v = ns, К, X. 

From Theorem 9.3 it follows that every finite variety is re- 
peated r = ns times and each pair of finite varieties occurs А 
times. The variety œ occurs in each of the ns blocks Bi, hence 
© occurs also ns times. Also each finite variety occurs in the 


‘o because of 3 exactly \ times. Hence œ occurs with every 
finite variety А times together in the same block. 


As an application we shall construct designs with v = 12¢ + 4, 
b = (3t + 1I4t+),r = 4t + 1, k = 4, A = 1 where 4t + 1 
is a power of a prime. 

We take the elements of G.F. (4t + 1) with respect to addi- 
tion as composition as our module M. Let x be a primitive 
root. We shall first show that there exist odd numbers o and 
q such that (z^ + 1)/(zx* — 1) = т“, А 

The non 0 elements of G.F.(4t + 1) are given by 2°, z*, 
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2*7, We form for every « ¥ 0 (z^ + 1)/(z^ — 1). This is a 
non 0 mark of G.F.(4t + 1) if a ¥ 2t, since т is a primitive 


root z^' Æ 1 and hence 2° = —1. Hence for all values о ¥ 0, 
2t we have 
«1 А 
(9.12) EH y., 
gael 


Clearly z^ = (a* + 1)/(z° — 1). Hence to every a з 0, 2t 
belongs a unique value 0 # 0, 2t but among the residues mod 
411,2, e ‚@ = 1, д 1,7: ,4£ 71 there аге 2t odd residues 
but only 2t — 2 even residues. Hence to at least 2 odd residues 
there must belong an odd residue. 

Now let 3 varieties correspond to each mark of G.F.(4t 4- 1). 


We form the (3t + 1) blocks 


d i i 2t+2itay, 

(21, qM 7, ia zi i ) 
i i 21+2і+ау, ] = see = 

(22°, zl qe gie, i- 0, 1; Js 1 


20426 26 20424860, 
da ae на j; 


Gi, T3 x 


(9,0, , 0, 0;). 


We observe first that z? = —1. We further put 2° += 2", 
д" — 1 = x’ a? — 1 = 2", Then we may choose a 80 that 
4 , 


(9.13) u—v = 1(2). 


Every class of varieties occurs 4¢ times in the first apes 
and once in the last block. The differences of type (1, 1) arise 
from the first and 3rd set of blocks and may be written as 
(9.14) А (sat —1) = grietas (i20,-,t— 1), 
0. These are 4 differences. We shall 


Where є ither 1 or 
ae eee ose that 


show that no two of them are equal. Supp 


2;+е'121+6'за+В 


(9.15) IU QNT LI. 
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'Then 


ga Dt net) rates ats) =з 
Непсе 
(9146) | 2@—})+2(«—«) = —e(e — e)(4t). 


Since о is odd it follows that e, = є2(2) and therefore e = € . 
Thus i — j = е — &)(20). Hence either è — j = 0(2t) or 
i — j = t(2t). Both of these congruences are impossible for 
i Æ j since i, j < t — 1. Hence the 4¢ differences of type 1, 1 
are distinct and different from 0 and therefore must contain 
each of the 4t non 0 marks exactly once. Similarly, it may be 
shown that every mark of G.F.(4t + 1) occurs exactly once 
among the differences of type 2, 2 and 3, 3. Let us now consider 
the mixed differences of type 1, 2. These arise from the first 
set of blocks and from the last block only. Those from the 
first set of blocks may be written as 


(9.17 giten Е. аен = ма = p y: 
) z ES zx 
Hence one obtains one of the four expressions 


—a" (z^ = 1) E gy ate z(a" — 1) = gue 


a" (a^ + 1) = gue =r” (z* + 1) = gita, 
hence either 


gites or ghe 


We obtain thus 4t non zero marks of G.F.(4t + 1). We shall 
prove that they are all different. We first observe that 


(9.18) "ө" = ptite’2ttu 


T 


implies ї — j = (е — 9(20, which was already shown to be 
impossible. But 


(9.19) PLN gts 
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implies и — v = 0(2) which contradicts 9.13. Thus each of the 
4t non 0 marks of G.F.(4t + 1) occurs excatly once among the 
differences of type 1, 2. The proof for the other mixed differences 
is analogous. The 0 differences of mixed type all arise from the 
last block. Thus all the conditions of Theorem 9.4 are satisfied. 

As an example let 4¢ + 1 = 9. G.F.(9) may be presented 
as the field of residues mod 3, y^ + 1. G.F.(9) then consists of 
the 9 marks; 0, 1, —1, y, y + l, y — b 5 -9 + b У 1. 
x = (—y + 1) is a primitive root. 


2 =(-y+ 1 = +у+1=% 


= (yt 1 = у 1, == 1, 


(9.20) 
а = у 1, z = —y, TUR ЕЕ QUT 
3 
Bl ЕЕ р 
2 — 1 —y g 


Hence we may take æ = 1. The first set of initial blocks is then 


Cia Dis ta a (0, a — 9 
Thus the initial blocks are 

h ; (7D: (y + 102500 — 1), 

In ; =; (0 + D; C79 — Dali 

Га), ; ehh ; (y + 1) iy = Dil, 

lva ; = sy + Do ; C79 — Dali 

га), ; (—Da ; Cy Di; 7 1], 

[ni 10-8 DU 


(œ; 0, ; 0 ; 0s)- 
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'The completion of the design is left to the reader. The de- 
signs constructed from Theorem 9.3 have for m — 1 the prop- 
erty that every variety occurs exactly ¢ times in every position 
in the blocks. This is of importance if the position in the block 
has an effect on the yield. The analysis of variance of such 
designs, when the block position has an effect on the yield, is 
straight forward and is left to the reader. 

Of partieular interest are the so-called symmetrical designs 
with » — b, r — k. From any symmetrical design two other 
designs can be obtained. The derived design obtained by re- 
taining in the blocks B; , +-+- , B, only those varieties which 
are in В, and the residual design which is obtained by deleting 
from the design all the varieties in B, . In order to show that 
these configurations are really incomplete balanced block de- 
signs we shall show that every block has exactly ^ varieties 
in common with B, . From this result it follows that the derived 
and residual designs are incomplete balanced block designs with 
the parameters: k, v — 1, k — 1, №, А — l ande — К,» — 1, k, 
k — X, А respectively. 

As an example for the processes of residuation and derivation 
we shall consider the design 25, 25, 9, 9, 3. This design was 
constructed by Bhattacharya (Bull. Caleutta Math. Soc. 36 
(1945) pp. 91-96) and is not yet incorporated in the statistical 
tables of Fisher and Yates, which listed all incomplete balanced 
block designs with r € 10 which were known up to 1943. Bhatta- 
charya's design is as follows: 


(9.20) 

1, 2, 5, 6,11,12,17,20,23; 1,8, 5, 7,10,12,18,21,24; 
1, 2, 9,10,15,16,17, 21,25; 1,3, 9,11,14,16,18,22,23; 
1, 2, 7, 8,13,14,17,22,24; 1,3, 6, 8,13,15,18,20,25; 
3, 4, 7, 8, 9,10,17,20,23; 2,4, 6, 8, 9,11,18,21,24; 


3, 4,11,12,13,14,17,21,25; 2,4,10,12,13,15,18,22,23; 
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3, 4, 5, 6,15,16,17,22,24; 2,4, 5, 7,14,16,18,20,25; 
1, 4, 5, 8,10,11,19,22,25; 5,6, 9,10,13,14,17,18,19; 


1, 4, 9,12,14,15,19,20,24; 5,7, 9,11,18,15,20, 21, 22; 


1, 4, 6, 7,13,16,19,21,23; 5,8, 9,12,13,16,23,24,25; 


2, 3, 6, 7, 9,12,19,22,25; 7,8,11,12,15,16,17,18,19; 


2, 3,10,11,13,16,19,21,24; 6,8,10,12,14,16,20,21,22; 


2, 3, 5, 8,14,15,19,21,23; 6,7,10,11,14,15,23,24,25. 


17,18,19,20,21,22,23,24,25; 
From 9.20 we obtain by the process of residuat 


MES varieties in the last block the design v — 
= 9, k = 6,4 = 3 as follows: 


(9.21) 
1,2, 5, 6,11,12; 1,3, 5, 7,10,12; 
1,2, 9,10,15,16; — 1,3, 9,11,14,16; 
1,2, 7, 8,13,14; 1,3, 6, 8,13,15; 
3,4, 7, 8, 9,10; 2,4, 6, 8, 9,11 
3,4,11,12,13,14; 2,4,10,12,13,15; 
3,4, 5, 6,15,16; 2,4, 5, 7, 14,16; 


1,4, 5, 8,10,11; 5,6, 9,10,13,14; 


1,4, 9,12,14,15; 5,7, 9,11,18,15; 


1,4, 6, 7,13,16; 
2,3, 6, 7, 9,12; 


5,8, 9,12,13,16; 
7,8,11,12,15,16; 


2,3,10,11,13,16; — 6,8,10,12,14,16; 


2,3, 5, 8,14,15; — 6,7,10, 11,1415. 


ion deleting 
16, b — 24, 
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The derived design is a triple system with v = 9, b = 24, 
r= 8, k =З,\ = 2. 

We shall now prove that in a symmetrical design every block 
different from the first block has exactly à varieties in common 
with the first block. Let a; be the number of varieties common 
to the first block and the ith block i = 2, --- , b. Then - 


(9.22) Уа = kr — 1) 


since each of the k varieties of the first block occurs r — 1 
times in the remaining blocks. Also 


aa; — 1) . k(k — 1) 
(9.23) Sa ao (х= Der 


since each of the [k(k — 1)]/2 pairs of varieties of the first block 
occurs (А — 1) times in the remaining blocks. 
From 9.22 and 9.23 we get 


Уа —2 Ya + (b — DN 


= (A — 1)k(k — 1) — (2 — Dkr — 1) + (b — А, 
but = v, k = т, k(r — 1) = Ао — 1) by 7.13 and therefore 
У (a; — N? = —M(k — 1) + XN — 1) = 0. 


Hence 


a; = \. 


We finally observe that from every incomplete balanced 
block design B, , --- , B, another incomplete balanced block 
design Bi , ++- , Bt can be obtained by putting into В; all 
varieties not in В, . The parameters of this complementary 
design are: v, b, b — r, v — k, b — 2r + А. 

R. C. Bose's two theorems yield the following series of de- 


signs. Those derivable from them by derivation and residuation 
are not separately listed. 
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v b T k A 
6+3 (2+3t+1 3+1 3 1 
6t+1 «(6t + 1) 3t gc 

(If v is the power of a prime or t odd.) 


Ir rr) r 3 Lo 
3 


БО +7) = 0(3)] 


120 +1 (2 + 1) 4t gu 


(12 + 1is the power of a prime and in G.F. (121 4- 1) 
there exists a primitive root x for which z“ + 


1 = 2% g = 1(2).) 
12?--4 — (4-1) 4+1 4 


(4t + 1 is the power of a prime.) 


20t + 1 201+ 1) 5t 5 1 
ime and in G.F.(20¢ + 1) 


(20t + 1 is the power of a pr 
t z for which 2*** + 


there exists a primitive гоо 
1 = 1% q = 10) 


20--5 (+) sett 5 i 


(4 + 1 is the power of a prime.) 


4 + 3 аза (PT 


(4. + 3 is the power of à prime.) 


nation v b T k A 
St (2A+1)(2A+2) (2A+1)(2A4+2)+1°2A +2 2A+2 A 


(A = lord = 2) 


8, 2п(2п\ + 1) 2п(2п\ + 1) 2m +1 mti 


(v is the power of а prime p, z^ — 1 = z*' where 
q; is a full residue system mod n, and the differences 
arising from n; , ++- , n, mod p are symmetrically 
repeated each occurring once.) 


B, 2 + 2 4^ + 2 2A+1 A+1 X 


A few designs in some of these series can also be constructed 
by means of finite geometries. For the details of the construction 
the reader is referred to R. C. Bose’s original paper. 

The series T, and Т, do not, because of the restrictions on 
T; and T, , contain all possible triple systems satisfying 7.12 
and 7.13 although it is known that all can be constructed. 
However they contain all triple systems within that range of 7 
that has so far been found useful in the design of experiments. 
The series D contains all possible triple systems with А = 2. 
R. C. Bose made their construction dependent on the solution 
of two auxiliary problems, which were later solved by Bhatta- 
charya. (Sankhya V.6 pp. 313-314). The series S,, St, S, and 
some of the other designs yield further designs by residuation 
and derivation. Although many of the designs constructed by 
R. C. Bose had been previously obtained by other methods, 
some of them were constructed by him for the first time. All 
the designs with r < 10 known up to 1943 are tabulated in 
Fisher and Yates’ Statistical Tables. In these tables 12 blanks 
were still left, namely the following: 


Number* 


31 


51 


85 


The ров 
star Possibility of designs 8, 
ated by R.K. Nandi and Q. 


Which 
17, 20 bey in the 1946 issues of S 
› 26, 27 were constructed by Bhattacharya. 
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T k A 
7 sta 
7 T 2 
8 6 2 
8 8 2 
9 6 3 
9 9 3 
9 6 1 
10 7 3 
10 10 3 
10 8 2 
10 10 2 
10 6 1 


10, 14 has since been demon- 
M. Husain in several papers 


a 
Dp. 423-424). The last two as follows: 


ankhya.* The designs 


(Sankhya 


* 
Ref 
erence Number in Fisher and Yates Tables. 
. of Math. Chowla 


* 

T 
уз онер paper to appe 
— Ais dde that a symmetrical 
square. This shows that also 


and 
k 


ar in the Canad. J. 
design with ev 


the design 


en vis impossible unless 


30 is impossible. 
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The design (31, 31, 10, 10, 3) can be obtained from the 
blocks: 


Bo = (li , 21, 41, La, 223 42, 13, 23, 45, 02; 
В, = (1, ‚ 6: , 22, 52, 3s , 43, 34, Da y 6s, M1), 
В, = (2; ‚ 5; » 82, 40, 13, 63, 34, 5a, 61, әз), 
В, = (8: , 41, le , 62, 23 , 53, 3a , 5,, 0, , =з). 


by forming the blocks B:s mod 7 and then adjoining the blocks 
Bí2(06,1h,2,3,4,5,6, Ors Pay ©»), 


В; = (0,, 1,, 22 , 82 , 4,5,6, 1, әз, әз), 
В; = (0, 1,, 23,33, 45, 95, 63, 1, ә, өз). 


From this design the design (21, 30, 10, 7, 3) can be obtained 
by residuation. 

Although a great many designs are now available, necessary 
and sufficient conditions for the existence of an incomplete 
balanced block design with given parameters v, b, r, k, ^ are 
not known. Equations 7.12 and 7.13 are necessary conditions. 
The inequality 7.14 must also hold if v > k. We shall prove 
it now. The inequality b > v is, because of 7.12, equivalent 
tor 2 К. We number the blocks and consider the number а; 
of elements common to the first and the 7th block. 

From 9.22 and 9.23 it follows that 


Уа = (A — kr N. 


From 9.22 it also follows that k(r — 1)/(b — 1) is the mean 
of the variable a; and therefore 

3 20. 1 = 1 2 

020 Dats =F о леке yst. 
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From 7.13 we have (r — А) = rk — Nj and this substituted 
in 9.24 yields 


kr — D? ET 
tS aie B 


(9.25) kr—1-— 

and 

(9.26) Er =) e = I > Xo - B. 
From 7.12 we have 

(9.27) bat = т . 


Since v — k > 0 we may divide 9.26 by » ^ k and obtain 
9n account of 9.27 
(9.30) rr — 1) 2 MO D 


Subtracting from this 7.13 yields 
(9.31) r(r — E 2 0 — 9, 


but (b — v)/v = (r — k)/k by 1.12 and therefore 
(9.32) rr — k) Z 2 C- 0, 
(9.33) (r — Br — N) 2 0- 

that r 2 k. 


Since kr — др = =й > 0 it follows 


CHAPTER X 
Non-orthogonal Data 


THE r-WAY CLASSIFICATION design wtih an equal number of 
replications in every subclass is the best available design for 
investigating the effect of classifications. However, it is not 
always possible to keep the numbers in the subclasses equal. 
Suppose for instance that we wish to measure the variation in 
the weights of pigs at birth according to sex and litter. It is 
of course not possible to prescribe the litter size and the number 
of males in a litter. Thus we obtain a two way classification 
design with unequal numbers in the subclasses. Such incomplete 
data may also result from the fact that originally a complete 
layout, say a Latin square was planned, but one or more 
experiments miscarried so that some observations are missing. 
Such data can also be analyzed with the help of the likelihood 
ratio principle but the computations are much more laborious 
than those described in the preceding chapters. 

The solution of all problems of this kind requires, as shown 


in Chapter IV, the finding of Q, and Q. — Qa . That is to say 
we have to minimize a quadratic form 


N k ? 
(10.1) gs E (v. = Ува.) 
а= i=] 
under the restrictions 


(10.2) 22 сав, =0 Hb eh mik (e) = т. 


_ The minimum of Q with respect to the 8; is denoted by Qe 
if 10.2 denotes the r 


estrictions imposed by the assumptions an 
Q. if 10.2 denotes the restrictions imposed by assumption and 
hypothesis, 


We shall prove the following theorem, 
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THEOREM 10.1: Li 
.1: Let S be the minimum Й 
В, under the restrictions 10.2. Let eec 


N 
ID fork>p>0,k>q>0. 


COR) sagt ois y T 


а=1 


Then ani 
(10.4) TE 
ren 
where g 
Qo Qoi a» 0 0 
Qio Ay Qu би Cri 
(10.5 
) A=] ayo Qa cc бк Cik Crk 
0 Cu . Cik 0 0 
0 ta Оф oe 


and A. 7 
т Ao is the minor of doo în (A) 
Pplying the method of Lagran 


E +} мм» 


ge operators We have 


e: k r 
= af -av F » "A + » Ме» 
= 0, PLINIUM 
m тый estimates. 


Wher 
e as imu 
usual the caret denotes maxim! 
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We multiply the pth equation by 8, and sum over p. Since 
>), Cur B, = 0 this yields 


(10.7) = adf, + У; У al, = 0. 
We now expand S and obtain 
k 
S = а — 2 5, asl, + У Y, anô Â, 
p-1 р a 
(10.8) " 
= Qoo — 2 Qosh» . 


Hence we obtain the following system of k + r + 1 equations 
for the k +r + 1 quantities Â, = 1,8, , =+ , &,,,/2, -. M2 


(S — 0) Bo T 25 ай, = 


I 
ә 


(09 —®Ь+ ад, + Oe, = 0, 


Yih = 0, wa does yr 
a 


Since &, = 1 this System has a non-trivial solution and it 
follows that 
S — а а а, 0 e 0 
zug Wu s Gr ба ph 
“ш ац On Cu св || =й 
0 eu а, 0 0 
. Е 
0 Cri Cr 0 0 
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It follows that 


A 
SA — А = 0, D AN 


In applying this result to an r-way classification one may 
use to advantage the following notation. Let 
1 ifya is in the 


(10.10) d, rr ERE 
of the i, 7,5 
(a)? = 1, (а Cia nnno eerie) ш classification 
0 otherwise, 
Where y, , «++ , yy are the observations. Then with nd, +01 бај 
Qis, а.) defined as in Chapter V we have 
o= pin- p 
(10.11) Е а: 
2 
а 7 ИСЕ LS Qi, "Т a) d 


e other re- 
A’, Ato are 
ns im- 


наш to the restrictions in 5.3 there may b 
Sng imposed by the hypothesis. If 4, Аю, а, 

€ determinants of Theorem 10.1 under the restrictions 1 
Posed on the u(i , +++ 4; 055 777? а) under the assu puer 
and the hypothesis respectively and if a and h respectively аге 
the number of independent linear restrictions, then 


Dus a д/д 
| ке А/Аоо 
" d Theorem 4.1 the F distribution and the t 
S the likelihood ratio test. | | 
m although Theorem 10.1 yields very neat mathemetical for 
"^ the numerical evaluation of A and До, 
wh modern computational techniques, 1$ T rj 
ob; ere are several cases in which the solution 
tained by operating directly 0n th р 
special case in which the least Square 91 


est based on- 
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be solved directly is the case of an r-way design with propor- 
tional class frequencies in the subclasses. We shall indicate 
the treatment in the case of a two-way design. If the class 
frequencies are proportional we may write the number of ob- 
servations in the ith row and jth column (i = 1, --- ,r;j— 1, 
+++, k) азт;т.;. 

It will be convenient to use the following definitions. 


UH Упр Ута " Doe Уай 
и 32, fe. Sin Sas Divides * 


2 me теш: y Уан Die Debitum 


Bi. = шщ. = І 
(10.13) Lo. in N-n Dette: Dun Ton 


- Sha _ Утан У, Dyn Ma Teton 
Bey = ga LR A. ET" 


- $m. , Уай У). Sn rn 
в =u + xb m To «mB «m e m Mo Membem 
ein У: 7 Stn Donia” 


where (1,2; 4j) = pa, e(l; i) = ws, n2; j) = wy in 5.3. 
It is easily verified that with these definitions 


уэ = x = Yu. = Ў пай. = 0, 


(10.14) 
Mer T ne es pm Ba + ee ga d je 


Let Yi; denote the lth observation in the ith row and jth 
column and put 


i 
Mi. = —— у Y. = 1 
тат. x my Ee = л Sri У У Yu 
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then the assumption mày be written as EY ad) = m; 
ue + на dos = Bu +e To + и and the least square 
equations easily lead to 


zYg.— Yn — Ya +Y, 


Bu = 

п. = Ye Y 
(10.15) j 

iis uus d 

в =Y. 


Thus Q, = 25: 27; $a Gia ~ Y. The шу, Ho s Bin 
и can be found from 10.13 utilizing the restrictions in 5.3. 


у]. ХУ у Sc, Yd 
T E k rk 


Bis = HB 


dnte ou k ü rk ? 
(10.16) 


E 
г 


р ш tS, 


The details of the derivations and the discussions of the tests 

of various hypotheses are left to the reader as an exercise. — 
Sometimes one or more experiments of a complete layout mis- 
carry. It is then often still possible without excessive labor to 
tions. As an example we 


solve the resulting least square equa : aedis 
Shall consider the case of an m sided Latin square in wue 


only one observation is missing. We shall assume that this is 
the observation in the Ist row, ist column and on the Ist 


variety. 
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We denote by Y,.. , Y... , Y.., the sum of all observations 
in the ith row, ith column, ith variety respectively, and by Y 
the sum of all observations. Let r; , c; , v; , denote the least 
square estimates of the effects of the ith row, ith column, and 
ith variety respectively and v the least square estimate of the 
general mean. The least square equations resulting from 7.1 
are, on account of Theorem 4.5, 


Y +r +c +n — (m — 1p = 0, 

Yi. = mn n +e +v — (m — 1)» = 0, 
Y.. = ma +r +c +n — (m — 1p = 0, 
Y.a = m, +r +e +0, — (m — 1) = 0, 
Y;.. — mr; — m = 0, j22--m. 
Ү.;. — me; — mv = 0, 


Y.; — m; — mv = 0. 


From the first equation we obtain т, + v J- c, = (m? — 1) — 


Y. Substituting this in the following 3 equations we find: 


mr, = Ү,.. + m(m — Dv — y, 


mo = Ya. Hmm = 1y — Y, 
mi = Y. + mm — ip — Y, 
Thus m(m? — 


3m(m — 1)» — 3Y. Hence Е ито 


pected Yast Ya 4-(m—- Sy 
m(m — 1)(т — 2) U 
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Thus finally 


(m— Dre T Yat banc E 
fi m(m — 2) 


, 


Yi ma Da. b Y. = Ё 
а= т(т — 2) 


Y,.. + Ya. (m - DY-4 — Y 


ie m(m — 2) 
and forj > 2 
Yu. _ Fiet Gov Yin + (m—3)¥ 
ES mm m(m — 1)(m — 2) 


Y us Yi. + Ya. t Yt (т 9. 
| m(m — 1)(m — 2) i 
Yi. Ya. Y., d (m= 3Y 

d m(m — 1)(m — 2) 


jl, ne obtains 
Vioc Ea uin t сі om 
ап analogous result for т; and c; Я The Lx MT 
el Ll aei: учы ee ue the ‘reader. A 
ial Bech lage a 2 ee Latin К when some 
detailed discussion of the analysis of E Lee 
?PServations are missing is given by | rns 970-380). A 
€ American Statistical Association, Vol. pre vations was 
Seneral method for the treatment of missing o Vol 
Sven by F, Yates (Empire Jour. Experimen 


VE ion 
| а regress 
Yates proceeds as follows: Suppose We Days 
Equation 
(10 17) a zx. "n 
à E(y.) = «В; 2 * 
(ys) 2 g Ee 


"d. suppose further that the observations Ji + 
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— У, J^ with 
missing. Differentiation of Q = У), (ya po gi.) 
respect to the 8; yields the least square equations 


(10.18) У ф.0. = x >, gisgisB (2 = 1, ++: ,98). 


iati i ee which we also 
Differentiation of Q with respect to y, , x : 
regard as unknown parameters yields the additional equations 


049 yas Уур, «-1--,k 


We may first solve 10.18 for the B; and then substitute = 
values of д, so obtained into 10.19. Thus we obtain k напие 
for ће k unknown quantities Yı, *** , у, and the solutions 
these equations are the least square estimates of y, , •· А pe 
"This method is partieularly advantageous in the case 0 
signs where the expressions for the B; are already known. Е" 
We shall exemplify Yates method in a Latin square with o 


t 
observation missing. We obtain from 7.2 and 10.19 for the leas 
square estimate P, of Y, 


ў э 4 Yi. + Ya. at re 2? 2X, 


= т? 

(m — 1)(т — 2) 
Substituting P, for y 
Vi , Ci , T; . The reader 
same that were previo 
the maximum likelihoo 


11 


М. + Yat Кы 2¥ 


m mc 


Р т 
11 in 7.2 one then obtains equations e 
may verify that these equations are 


ication О 
usly derived by a direct application 
d principle. 


CHAPTER XI 
Factorial Experiments 


Ir WILL BE CONVENIENT in this as in the previous chapters 
to use the picture of an agricultural field experiment. This is 
done to give the reader a concrete picture but should not be 
taken to imply that the use of the designs presented is restricted 
to agricultural experimentation. 

Suppose that the influence of m factors, say m different 
fertilizers, on the yield of wheat is to be tested. Each of these 
factors may be applied on different levels. Let the ith factor 
be applied on 4; levels, so that all in all tt: **: fm treatment 
combinations are possible. 

If we consider the ith level of the ath factor as the ith class 
of the ath classification in an m way classification design, we 
can use the methods of analysis of Chapter V. The estimates 
of the main effects and interactions A(1, *** , a5 415 *** y Qa 
appearing in 5.5 are linear forms of the observations of the 


form 


(11.1) PM eee x; ly, aso 2 * sabis NOS. 
ba 


bı 


, ba); 


2,5.) is defined as in Chapter 5. 


We proceed to compute the coefficient of z(l, =t a $8 +1, 
"pa LUI = aj) in АП, 305 
fa » *** , Qa). This term occurs as а summand in all a y 
ва, +++ а) where Ki =" kg is а combination out of ^, 

аа fficient (th, сс ts)/ 


"snp s m ando there with the coe ; 
; nd it occurs the of Chapter 5, the coefficient 


Where gl eeg aj, °° 


(++ t). Н ; ü 
a). Hence using the notation n 
of zi, 551068 J, °° ,05 05777 NEUE Sm , ba) in 
A(, ++.) asa, , +++) Ga) шау be written as 
г EU. 
acp hu t 04. 
E LC» a ls 
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Thus 
Ў? лесные 
з а) =. ў 
E © |» Ld t ea — 0 


а+1 É vss d 
$E Lt. 
1,241 Bao 


By splitting the second term on the right side of 11.2 LI 
terms for which kg = s + 1 and terms for which kg < s E. 
Onejobinins 99». de osse diera = б, Similarly one prov = 
that the coefficients l,,...,., appearing in 11.1 satisfy the equatio 


(11.3) PA lees. = 0 i= Jj eya 
m 


We generalize the concept of interaction and define: Any 
linear form. 


014 L= У es шз (А, adem, oi 9) 
which із not identically 0 will be termed a component of the inter- 
action between the factors 4,4. df 

(11.5) У аена. = $= dy em se 

for all choices a, ... а 


1-1 User's Aa. 
Two linear forms 


Я 5 
уу ac, and D biz 
- j=l 


are called orthogonal if 


(11.6) Уа, = 0. 
k=1 
THEOREM 11.1: Tuo interaction components G and Н belonging 
to tw 


0 different sets of factors are orthogonal. 
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We may always arrange the notation so that G is a com- 
ponent of the interaction of the factors 1, 2, -++ , и and H 
of the factors p, p + 1, ·· , v where p > 1. Let 


С = SV А = у sss p» оне Е ee. UGG Ds та); 


Н = 27 Ins = 2 B 3 „зе De утуй, үке 40). 


If £a = Taon then la = haha 777 Мы. Thus writing 


w = max (u, v) 


ж (һ A tu)(ty — LY et tn) 
(11.7) È ll = EE З 


27 ris 2 У [e Eo s 0 


by 11.5. 
Lemma 11.1: If Lı, ::: , La are orthogonal to L then Di NL 


is orthogonal to L for all values M , ``", "m 

is left to the reader. | 

.5 we may choose arbitrarily the 
quantities L,...,, for a; epus d The equations 11.5 can 


then bo satisfied by [Wing e” 


-Si M. péh i m 


ias, eu, 


ie = 
DESI 
[rm 1 аав SU 
GELER me wn 
dosis Мс ыз T 
aanl 
l бый 
isesy A 
Tame = = AERE 


—1 
T sker | ( Б 
inq hus the equations 11.5 have pon 2 ive solution of ^7 
*Pendent solutions. That mean? 
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sed as a linear combination of any (t — 1) = 
t p D Шашу independent solutions. By the method € 
in the proof of lemma 4.1 we can therefore find a бш G 
of (ti — 1) +... (t, — 1) normalized orthogonal linear оп E 
such that every form in S is a component of the € 
between the factors 7, , --- , da and such that every componen 
of such an interaction is a linear combination of forms in the 

stem S. 

rm interaction components of different factors are orthogonal 


to each other and hence linearly independent. Thus together 
with the mean we obtain 


l4» 2. i, — D <= (ty = 1) = tht + 5 te 


kel lee 


independent linear forms and therefore any linear function g 
the observations may be expressed as a linear combination 0 


the mean and any set of (ti +++ tn) — 1 linearly independent 
interactions. 


In considering the analysis of factor 
therefore consider the followin 
normally distributed random vi 
the same variance but different 
linear forms in z, .. 


ial designs we may 
g general problem. Given ^ 
ariables z, , +++ , х, all with 
means. We know that certain 


DE 
(11.8) L; = as = 1,...,$ 

have the mean value 0, We wish to test, whether certain other 
forms 

(11.9) L= У а, t=s+1,--- yr 


also have mean value 0. 
In the first 


place we may eliminate, from the assumption 
and hypothesis successive]: 
Loa p o 


у, forms such that L, , «++ 
may orthogonalize and n 


‚ Las 
med to be independent. Next s 
ormalize the assumption and by 


* › L, may be assu 
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pothesis by the 
method used in thi 
may then add n — r linear fo n the proof of lemma 4.1. We 


Li = Уак, i=r+l, e;n 


such that the matrix 


а ** Gnn 


18 orthogonal. Then 


= n (x; — E(z)) = cs (L: — E)! 
Thus f 


Е хи, Q.—Q,- X Li mà Рес: @ 

вд L) bond ratio statistic for testing the hypothess 

t= 1,. = 0@ = s +1, +++, т) under the assumption Ё ElL) = 

в — sis of factorial experiments We shall always 
+ tts 


Р ан it э. 
L, = ne 


put 


th 
- is 0 because 
the ia sum of the coefficients of Da Д D 
e qu hogonality. 
еп consider the mean yiel 


sed of the 
d Еби) as compos нет soil 


treaty 

fertility t effect T, and the block effect ba vplicated in 
different of the ath block. The experime ent is replication d 
treatm, blocks each containing а т o vds T under 


the Dents. We shall denote by 7 » 

“th treatment in the ath block ий Бы т we 

Seg pd). DE iE a = E 
has E(t 5 Cr cnt 1 ag = a og for i 
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and E(Ly) = L(T, , ©, T) n^ b, = 8, A a” ba. 
Let L; be the mean of all L? then 


9-5 Ут, -ъу 
h n 


Уг Мт ИУ ву 


а=1 i-2 


Ш 


h 
TO Bg. nba)’. 


If we now test the hypothesis у, =... = 8, = 0 under 
the assumption S, = ... = S, = 0 then 


Q. = DSE, 


а=1 i-2 i-2 


ktu 


Q@-Q=h Y T. 


i=k+l 


Thus Q, has (k — 1) + (kh — 1(n.— 1) degrees of freedom 
and Q, — Q, has и degre 


es of freedom. Note that more than 
one replication is needed unless certain of the S; are known 
to be 0, 


A linear form 


will be called confounded in the block B, 


3 Vf а; = с, whenever 
T; is the effect of a treatment applied in 


the ath block Biya A 
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linear form S will be called orthogonal to B. if 25r,-5. a; = 0. 
A linear form 8 = Y; aT; is called normalized if Уба ds 


a р 11.2: If S, , ++- , S, are confounded in the block В 
en any linear function S = X S, + occ + XS, ds al = 
founded in B. "UNE 


'The proof of Lemma 11.2 is left to the reader. 
Lemma 113: If Lı , ++: , L, are orthogonal functions of the 


variables z, , ::- , %, and L is orthogonal to L, then 
11.10 L = aLr + + + anban- 
Proof: Since L, , «++ , La are independent we certainly have 


L = al, + + 1, . Let L = Ула, De = Doe s 
then Уб Adu = De Qk b» мм = а, Dr Nas . Thus 
i Мм; 
(11.11) а= Di dns 2 
У.А 


Since L is orthogonal to L, we must have a, = 0. 


Tazorem 11.2: If S:, S2, °°" > S, is a system of orthogonal 


linear forms in the treatment effects Ty , сс, T, and Sı , 8, 
+++, 8, are confounded in the blocks B, , ++- , B, consisting of 
tments, then Ss, 775 S, are 


a complete replication of the trea 
orthogonal to these blocks. 

v) be the sum of the treatment 
in the ith block then Аз}, » 


S, are linear functions of Sf, -++ , Sq. However since Sı , 
+++, S, are independent we may express SL, «++, St also by 
S, , +++, S, . Therefore by Lemma 11.1 S1 , ++- , S are orthog- 
onalto да Sa ee ; 
Suppose now that we are interested in certain linear functions 
Sica, +e y бк of the treatment effects Ti, *** 5 T,,n = Ww, 
and wish to arrange our experiment in v blocks of u treatments 
each. We may assume Жабу y °° 4 Siar are normalized and 
orthogonal to each other. We first, add forms Б бу, 
. , S, in order to obtain а set of n normalized orthog- 


Proof: Let S£ (6 = 1^ 
effects of all the treatments 


Saa, 
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onal forms. Suppose that we can find an arrangement of the 


treatments in о blocks such that S, , --- , S, are confounded 


in all the blocks. Then 8,,, , --- ; S, will be orthogonal to all 
the blocks by Theorem 11.2. 


Let Ya denote the yield of the ath plot and consider 
(11.12) Q= Y (y. — T. — һу, 
а=1 


where Т, is the effect of the treatment applied to the ath plot 
and b,, is the effect of the block in which the ath plot lies. Let 
Se = Ds 1.вТв and put La = bs" tas¥e . Then 


(11.13) Q- E I, = 8. — > libi). 


If La is orthogonal to all the blocks then 57, tagbis = 
t Ur Жокер idus = 0, TED, ds confounded in all the blocks 
then tas = ca; whenever is = j. Hence 
(11.14) S dba =u PON 
B i 


But the linear forms L,,---,L,are orthogonal and therefore 
the matrix (c,;) is an orthogonal matrix and hence non- 
singular. We can therefore always solve the system of equations 


L.— Sa =t Y cb, а= 1, 


whatever the value of S, . Thus in minimizing Q under certain 


assumptions on S,,,, ... › Sasa with respect to the S, and b; 
we may always choose the b; 


“yo 


So that the first v terms of 11.13 
vanish. We therefore heed only minimize 
(11.15) Qe S ür- 5°, 
аа 


The same argument, also 


applies if the experiment is replicated 
Several times. We shall f 


ormulate this result as 

THEOREM 113: Let x, , ... › Tus be ир observations from v 
different blocks B, , ... | By of u observations each obtained in 
applying the treatments Ti, e, Tu respectively. Let S, , +** 5 
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Su, be uv normalized orthogonal forms Se = У) tasTa in the 
treatment effects T, , «+> , Tus and assume that 8, , +-+- , 8, are 
confounded in all blocks. 

If the hypothesis S, = 0, а =ov+tkt+i1,---,vtkt+s 
ds tested under the assumption S, = 0, = v + l, +-+, v+ k, 
E(£a) = Ta + bia , then 


ф= ES, б = Quse 55 me. 


rl 


where 
„= > tapte - 
B8 
If the experiment is replicated т times and La: is the value of 
L, in the ith replication then 


= © + X а= Es, 


ams+l q@eotl i=l 


(11.16) | 


Q,.—Q,-rX, 14, 


т+Е+1 


where 


Ie 


= 2 Lai + 
i=l 
ed in the linear forms S.A eg 


S,., and wish to arrange the treatments Ti , с, Т,, into v 
blocks we have to find о linear forms S:, 7:08. orthogonal 
to Sear) 7o Sexe and a design with v blocks where Si, °** 5 
S, are confounded in all the blocks. Since the mean is always 
confounded this can only be possible if Sear) co S, are 
orthogonal to the mean, that is to say if the sum of the co- 


efficients of $4.41, ^^ » S,., vanishes. | 
In the case of à factorial experiment the method of attack is 


as follows. If Sa = De tasl's then we first form the linear 
forms L, = у з{овїв. Let In, t rTu be a complete normalized 
system of interaction components às constructed at the be- 


ginning of this chapter. Then 


La = 


Thus if we are interest 
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(11.17) La = 3 ual, е= ш 1,„«#* „= Ё 


with certain values of the wag . If it is possible to confound v 
interaction components which have the coefficient 0 in all 
equations of the system 11.17, then La and thus also Sa 
(a-= v + 1, +++ , v + k) will be orthogonal to all the blocks 
by Theorem 11.2. The L, are by Theorem 11.1 and Lemma 
11.1 orthogonal to all the components say Г, , ++- , I, of Inter- 
actions which do not enter in 11.17. The La may then be 
orthogonalized and normalized so that Theorem 11.3 applies. 
If the experiment is replicated we may have to add some 
functions of the interaction components T,,, „ *** y Д. to 
obtain a complete normalized orthogonal system. 

The linear forms of interest to the experimenter are usually 
the main effects and 1st order interactions themselves or linear 
combinations of them. Thus it is important to construct 
designs where only interactions of order 2 or higher are con- 


founded. The problem of constructing such designs when all 


factors are at two or three levels respectively was solved by 
F. Yates (The Design and An 


alysis of Factorial Experiments, 
Technieal Communication No. 35, Imperial Bureau of Soil 
Science). Yates' publication contains also many examples and 
presents in detail efficient methods of computation applicable 
to factorial designs. The more general problem of confounding 
only interactions of order 2 or higher in designs where each 
factor is at s levels and s is the power of a prime p was first 


solved by R. A. Fisher (Ann. of Eugenics (1945) 12, pp. 376- 
381). An alternative method has been given by Radhakrishna 
Rao (Sankhy. 


OD 2 11 pp. 67-78). In the following we shall present 
s method, 


Let a = 0, a, = l, az, --- , œ, be the elements of G.F.(s)- 
Denote the levels of the factors by a , ... ‚ a, and let 
Yla +++ ain) be the observations with the first factor at the 
as, st level, the 2nd factor at the о, nd level and so on. Con- 
sider then for every 2; the set of observations у.а. Where 
Ж, *** , Za Satisfy the equation ` 


zm 
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(11.18) ba, tes + bt, = о, 
$= 0, 9,8 —1, B: 25017 poe O: 


Corresponding to the s different values of o; we obtain s sets 
of observations M, , --- , M, and each observation is contained 
in exactly one of the M; . Consider now any orthogonal matrix 
Au, j = 1, +++ , 8) whose first row is (^, +-+ , 5777). Let 

1, +++ , T, stand for the sum of all observations у.,...:„ 
whose indices satisfy the equation 11.18 with j = 0, => , 
s — 1 respectively and consider the expressions 


(11.19) f= Se sd ee 
jel 

We shall prove that Ls , ++ , Г, are all components of the 
interaction between the factors à , ::* , % - All observations 
with any fixed values z;, , *** , i must lie in T'; if one of them 
does. Hence L; — A;T; are linear forms in the means 
yh, diva, co Ra) Keeping now z;, , +++ , Zn fixed 
and summing over the coefficients of y(,:,45 mu. Su) 
with respect to 2;, we obtain У); №; because if z;, takes all 
values a» , *** , &-1 then o; in 11.18 takes all values in G.F.(s). 
Since >=; А; = 0 for? = 2, +--+, 8, 11.5 is fulfilled and the 
L; i > 1 in 11.19 are therefore components of the interaction 
between the 4 , -+ , th factors. There are (s — 1)? systems 
of coefficients b, , +++ , b, leading to different functions Г, , 
..» , L, since ob; , «++ , оф, leads to the same functions as 
b, , «+: , ba . Thus there are (s — 1)* different interaction com- 
ponents obtained by taking all possible values for by, +++, bk. 
That they are independent of each other and hence give a 
complete system of components of the interaction between the 
factors à , ++- , i, will be proved by showing that two inter- 
action components belonging to two different coefficient sys- 
tems are orthogonal to each other. Consider then 


(11.20) bun, bos H bit, = Oy 


(11.21) ex, boc TO = ai. 
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Since the matrix 
3 "ur" " 
Cry ttt, Cy 
is of rank 2 there is at least one 2 by 2 submatrix of rank 2. 


Suppose therefore that 


bi b. 
= 0. 


сі Co 


Then we may fix Ж, 


› Zi, arbitrarily and this completely 
determines z, , z, 


. Hence we obtain exactly 8*%° points 


(£i, +++ , m) which satisfy 11.20 and 11.21 simultaneously. 
Thus if T, , --- , T, are the sums of all observations satisfying 
11.20 for ¿ = 0, ---,s —1 resp. and U, , --- , U, is similarly 


defined for 11.21 and if L; = X; лт, = У.Х... Lt = 
PSU; = У, wee . Then since 25; Au = 0 we must have 


(11.22) P, hy, = I o NT s 


Thus L; is orthogonal to L; 


- We shall state this result as а 
theorem. 


THEOREM 11.4: Let (p, ‚ 77, Dn) be any set of m elements of 
С.Е. (з), not all 0, and consider the sets М, of points (x, , «++ , tm) 
in E.G.(m, s) satisfying the equation 


biz, 4- foa dT. = y 


resp. where a, ..., %-1 are the marks of G.F.(s). Let 
(ti, +++, Em) stand for the treatment combination having the ath 
factor at the level Ta and let (d;;) be an orthogonal s X s matrix 


whose first тоша АУЕН, | 1/s'7) and let T, be the sum of 
all observations ЗР 


i where (a, , ... › v.) is in M, . Then 
the functions L, = i iT; are components of the interaction 
between the factors hye a af be, s (um was , k) and 
br = Ofori н, „(а л, 6), ' 
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The interaction component L: will be said to correspond to the 
point (b , ++, bn) of P.G.(m, s). Two interaction. components 
corresponding to different points are orthogonal. 

We consider the solutions of the system 


bati + зз bx. = о, 
(11.28) i-1--u«m, тапк (by) =u. 


ж, Эй CGF). 
, т. If we solve 11.28 


There are s"^* solutions for zi , сс 
for all combinations (a, , *** c4.) We obtain s" sets of s™™“ 
treatment combinations each. If these are taken as the contents 
of s" blocks then the set of interaction components corre- 
sponding to any linear combination 37; Nibu 5. $58 3 bim) will 
be confounded in all the blocks. Thus (s" — 1)/(s — 1) sets of 
interaction components will be confounded giving (s — 1) 
(“= 1/(8 – 1) = s“ — 1 or with the mean s" independent 
orthogonal functions confounded. The remaining ones are 
orthogonal to all the blocks by Theorem 11.2. 

We wish to confound only interactions between at least 3 
factors. We put и = m — i and assume that m < (8 — 1/ 
(s — 1). There are (s! — 1)/(s — 1) linear forms in the variables 
ty, tty % With coefficients in G.F.(s) independent in pairs. 

nd each of these forms will now be 


From these we choose m а 
identified with a factor. We then consider all points (a, , *** , %) 
, t, are elements of G.F.(s). Let 


where ду, 
(11.24) L- Xen i-i1m 

be the m linear forms chosen. In substituting the points 
(a, , +++ , 2) we obtain 

(11.25) Senki = у; . 


k=l 
Thus we obtain a set 5 of s‘ points of E.G.(m, s). We shall 
show that 
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1.) S is a subspace of E.G.(m, s). "Ee 
2.) To every pair y; , y; i, j < m there are exactly s' ^ points 


in S which contain both y; as ith coordinate and y; as jth co- 
ordinate. 


Proof of 1. Let yı , +++; Ym j Zi, 77: , 2, be two points in 5. 
Then there are two points (zi, --+ , zi?) and (fP, -e , a) 
in E.G.(t, s) such that 


p» ош! = №; ; » enn,” = Me; 
x Е 
hence 
D ou op" + =?) = №; T ш; . 
Е 


Thus (My; + uz;] isa point of S which proves 1. . 
The number of points in S containing y; as ith coordinate 


and y; as jth coordinate is the number of solutions of the 
equations 


L; = 22 oan. —3 Ji» 
(11.26) 
t 
І, = Уаш, eus 
-1 


Since L; and L; are inde 
Thus 2 is proved, 
The point (0, 0, -. 
correspond to the ex 
yith level, w 


pendent there are exactly s'7? solutions. 


* , 0) is in S. Let the point (Ju $99 y Yn) 
periment where the ith factor is on the 
here the elements of G.F.(s) are numbered in 
Some arbitrary way, Let the blocks be constructed as follows: 
Take S as the initial block. To obtain the second block take 
any point P not in S and add it to all the points in S. We 
shall denote the second block by (S + P). If there is a point 
Q left which is neither in 5 nor in (s + P) form (S + Q) and 
continue the process until all points of E.G. (m, s) are exhausted. 


Since S is a subspace it follows easily that any two sets (S + P); 
(S + Q) are either identical or ha: 


h : ve no point in common. Thus 
the sets obtained by our construction have no point in common. 
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If the interaction components belonging to b, , +++ , bm are 
confounded in S then for all points (yi , --- , Ym) in S we must 
have, since S contains the point (0, 0, --- , 0), 


bas oco buys = 0. 


Let the element z, , ··· , Zm} be an element of (S + P) then 
bil + m) + + bsc 2m) = bin doc + b = 
const. The confounded interactions form the space orthogonal 
to S whose dimension is m — t. Thus s" ' interactions are con- 
founded. We shall show that only interactions between at least 
three factors are confounded. Otherwise we should have a b; 
and b; not both equal to 0 such that 


(11.27) biy: + biy; = 0 


for all points in S. But S contains a point with ith coordinate 
1 and jth coordinate 0. Hence b; = 0 and similarly b; = 0. 
Thus only interactions between more than 2 factors are con- 
founded. 

As an example we shall arrange the 27 treatment combina- 
tions of a three way experiment with every factor at three 
levels into 3 blocks of 9 each so that only interactions between 
3 factors are confounded. We first have to find three independent 


linear functions of two variables, for instance 
z,y, t d V 


ts of E.G.(2, 3) into these lines 


Next itute the poin 
35 owe Mu 5 3) or the initial block of our 


giving us the subset S of E.G.(3, 
design 

S = (000, 011, 022, 101, 112, 120, 202, 210, 221} 
The other two blocks are obtained by adding, mod 3, the points 
111 and 222 to S 


S + 111 = (111, 122, 100, 212, 220, 201, 010, 021, 002] 


S + 222 = (222, 200, 211, 020, 001, 012, 121, 102, 110} 
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To find the confounded interactions we choose two inde- 
pendent points in S, for instance, 011 and 101, and solve the 
equation 


а0+0:1+с-1 = 0 
а:1+:0 + с-1 = 0 


We obtain the solutions (а, b, с) = (112), (221). Thus only the 
two interaction components corresponding to (112) and the 
mean are confounded giving 3 orthogonal functions confounded. 

Rao gives in his paper a more general method by which it is 
often possible to confound only interactions between more than 
d factors where d may be larger than 2. 

If all treatment, combinations are replicated in several sets 
of blocks each containing a complete replication, it is also 
possible to confound some functions in some of the replications 
and to leave them unconfounded in others. This technique is 
known as partial confounding. The analysis of partially con- 
founded designs is given by formulae analogous to 11.16, where 


however, La is the mean value of La over those blocks where 
Т is unconfounded and the sum 


È Da- Ly 


extends only over the same blocks. 

F. Yates has in his previously mentioned publication given 
various designs where not all factors are at the same number 
of levels and some of the main effects and interactions between 
2 factors are only partially, but never totally, confounded. 


CHAPTER XII 


Randomized Designs, Randomized Blocks, 
and. Quasifactorial Designs 


THE USE OF ORTHOGONAL LATIN squares and balanced in- 
complete block designs is only possible if the number of 
varieties, replications, and the block size fit into one of these 
designs. In cases where no suitable design of these two types 
can be found it is necessary to use other designs, some of which 
will be discussed in this book. This usually entails a loss in 
efficiency and sometimes also of mathematical precision. 

A design which can be accommodated to any number of 
varieties, any block size, and any number of replications can be 
obtained by arranging the varieties randomly over a field. 
The assumption of the underlying linear hypothesis is then 


given by 
Ey =ututete, Уон Ут 0, 


where у; is the yield of the ith variety in the jth block, v; 
is the effect of the ith variety, 1; the effect of the jth block, 
и the general mean and the ej; are normally and independ- 
ently distributed variables with mean 0 and the same but 
unknown variance. Since the varieties are assigned at random 
to the blocks, the block effect n; becomes a random variable. 
However, 7; takes if the blocks are of equal size any of b 


values, bı +e б, with equal probability and therefore we 
cannot assume that yi; = yi; — Vi — А is normally distributed. 
Also o¢qstecp (nites) = Отт + If the blocks are of equal size 


each containing Ё varieties then 
I ife- 
P( b. b.) E ôm б = x à 
m = 0, у т = On) = an | 
B БЕ — 1) 0 Ќе т. 
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Hence 


( k — =) = ive De 
tes = Py Db 7 Be y 
Hence the y; are not independent. Thus it is not quite correct 
to treat such a design as a one way classification design, the 
classes being the varieties, as is usually done. The objections 
raised against this treatment are not serious if the sample is 
large, but may affect the size of the critical region for small 
samples. It must be admitted that one intuitively feels that a 
minor deviation from the assumptions will not greatly influence 
the distribution of F. A rigorous study of the deviation of F 
as computed from such randomized designs from the distribu- 
tion computed in Chapter I has not been made. The theoretical 
statistician should not overlook the fact that it is immaterial 
to the practical research worker whether the size of his critical 
region is exactly 5% or 1 or even 2% more or less. At any rate 
he cannot veto the use of slightly inaccurate methods as long 
as he has not succeeded in replacing them by accurate ones. 
A rigorous treatment of the randomized design is possible 
if we consider not block but plot effects and regard these as 
chosen at random from a normal population of plot effects. 
Under these assumptions we may treat the design with com- 
plete rigor as a one way classification design. We are then 
ignoring the fact that neighboring plots have similar plot 
effects. Thus we are intentionally using a mathematical model 
which we know to be slightly different from the true situation. 
In this procedure we do, however, not differ from the physicist 
who computes the laws of a freely falling body and intentionally 
disregards air friction. One should also be aware of the fact, 


that our customary assumption of normality is at best an 
approximation to the truth. 


An improvement Over com 
rangement of the varieties in 
rangement all varieties 
design is then treated 
blocks and varieties. 


plete randomization is the ar- 
randomized blocks. In this ar- 
are replicated in each block and the 
as а two way classification design by 
We then have to assume that the soil 
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fertility within the blocks is uniform. The position within the 
block is chosen at random for each variety. 

In all designs which are based on randomization only, the 
block effects increase the error very considerably and in most 
cases a systematic arrangement, if available, is preferable. 

In recent years the quasifactorial designs, particularly lattices 
and lattice squares, have become very popular. In these designs 
the techniques of partial confounding are utilized. As an 
example suppose that we have q.g2 varieties. These are arranged 
into a rectangle of qı rows and д. columns for instance for 
а = 3, ф = 4 

Vu biad Vis 


(12.1) 
Ёз “е Vas Я 


Two sets of blocks are formed. The first set contains g, 
blocks of д varieties each. The varieties in these blocks are 
those occurring in the Ist, 2nd, --- , 9156 rows of the rectangle. 
The second set of blocks contains g> blocks with q, varieties 
each and the blocks contain the varieties in the Ist, 2nd, --- , 
ата column of the rectangle. Thus from 12.1 one obtains the 


following blocks: 
(Va, Уш, Vis ; Vid (Var, Var, Уз, Уз), 
(Уз, Vaa Vas» Уз), 
(Vir , Уа, Va); (Via, Уз, Vaa), 
(Vis , Vos» Vas), (Vis » Ум, Из). 


The whole design may be replicated any number of times. We 
may formally consider the varietal effects as if they were the 
result of the action of two factors at qı and q, levels respectively. 
Thus if V;; is the effect of the variety v;; we may write 


Va = 0; +. +05, 
(12.2) Ys T Di = Xu. = De =0 
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We may therefore regard the row set and the column set of 
blocks as two complete replications of a factorial design. The 
main effects of the first factor are confounded in the row set, 
the main effects of the second factor in the column set, the 
interaction remains unconfounded in both sets. Thus applying 
"Theorem 11.3 with the modification appropriate to partially 
confounded arrangements discussed at the end of Chapter XI, 
we see that, because of 5.9, we have to minimize 


@= У E LAG, 2a, a) — vaal 
(12.3) + DDAN; a) — va] 
+a D KAB; a) — v.a, 


where the quantities (1)A (1, 2; a , aj), ()A(1; a), ()4(2; аз) 
are computed by formula 5.5 from the Ith set of blocks. Thus 


the least square estimates б.а, ба. , 0.,, become 


1 2 
fos = 5 25 (DAC, 2; a, , а), 


(12.4) 
б. = (2)A(1; а), b.a, = ()4(2; a). 
Hence 
Q = 2:2: X040, 2; a , a) 
(12.5) o 


= 10040, 2; а , a) + (2)4(1, 2; a, , 9) 
and if we test the hypothesis Vua = 0,0, = 1, mis 
а= 0,0, 
428 Q-Q- Y Té Xu кй, ЖЕ УЙ, 


The idea of a lattice may be generalized. Suppose we wish 
to test qı --- q, varieties, We may then consider the varietal 
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effects as treatment combinations in a factorial experiment. 
Thus we denote the varietal effects by V.,...., 1 < а < q; 
and write 


r 
a, = ps p» Ung = giay Ota , 7,0), 


aal deer 


(12.7) 
Dois wast dy раро e уй) =з 0. 


aj 


We then form r sets of blocks. The blocks of the first set 
are formed by keeping the indices с, --- , a, fixed and allowing 
a, to vary from 1 to q, . Thus д: ··· q, blocks are obtained. 
The blocks in the ith set are formed similarly by keeping 
ару ttt у diu, Oa, 777 , а, fixed and allowing a; to vary 
from 1 to q; . In the ith set all interactions which do not contain 
the ith factor are confounded giving q +++ qiqgia «°° 9 
interaction components confounded. The remaining inter- 
action components are by Theorem 11.2 orthogonal to the 
blocks. Thus to obtain Q, we have to minimize the sum of 
the unconfounded parts of the right side of 5.9 over all the 
r sets of blocks. That is to say we have to minimize 


is oy Augg. x 


2. PEDEM Via Ae de 

(12.8) [GAG , oy Ge 504 , 77 , 01) 
= th y e pte $05 у 599 рал Ы 

where (DA(à , *** , ta ра, у *** » Qia) is obtained by 5.5 


from the lth set of blocks. Thus 
Olii gop Ba $05,777 › 06) 


(12.9) = GAG ims a 
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Hence 
decr Ae yam Б 
(12.10) | " (A15 955 ыр 0n. 0 pO 


. H 2 
Sabo. ys $85, 0+ 06) |. 


If the hypothesis Va... = 0, 1.< a; < q: , is tested we 
obtain 


9-9 - Y Y к= oe у 


(12.11) ; 
[OG , ++ TU PEL » Qia) . 
The degrees of freedom for Qa are 


DPD (a — (qi. — 1) += (qi; — 1) 
because each of the (q;, — 1) +++ (qia — 1) independent com- 
ponents of the interaction between the factors 4, , +++ , ta 
contributes (a — 1) squares of independent linear functions to 
Qu . The degrees of freedom for Q. — Qa are (q +++ д) — 1. 
We proceed to compute the variances of the varietal effects 
and of differences between them. In doing this we may, without 
loss of generality, assume that Ио 1.0) а qi- 
Applying Cochran’s Theorem 2.1 to 5.7 we see that 


Shade py te Н 


r . 2 
* Ta $06, 5% 4 014) 
ат, аге ci quu sla 5 05,, , 


has the x^ distribution with (Ф. — 1) --- (qia — 1) degrees 
of freedom. The quantities AG к®к Р Bey oe iia) 1S 
а; S qu are composed from independent observations in 
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exactly the same fashion and hence must have the same variance 
åt. ,ia). Hence 


oe Qu **7 Oe DA csse) 
Qu + Qu 
= (gs, — IDs aot 
Thus 
(qi, — ++ (Gin — D 5 
qı ... 9. d 
Let V,,...,, be the least square estimate of V,,...., then 


(12.10). ewe = 


a213) Йа. = У! 32 tn; 5-а, pee у Bie): 


ami ler 
But by 12.9 the £(à , +, j Ai, "** , @_) are sums of com- 
ponents of the interaction between the factors 4 , +++ , ia 
and hence by Theorem 11.1 orthogonal to each other, more- 
over by 12.9 and 12.12 (à , +++, 22 505 5 777, a;,) has the 


variance 


Ts Die = (gr = 1) 
а Gin de 
Thus 
DUE 
Sr eg Sly Gad we =0 | 
E d orar Qc. 

To obtain the variance of the difference between two factors 
we first compute the covariance between A(t, , ::: , ta ; 
ОРУУ ТУТ NE 
Бу cos bra) Where an Æ ba. We first compute the co- 
efficient of te... in A(t, + 1a 3 ix» *** » Qia). Suppose 
that с;, = 94,7730 Ces = а, у Cima FF Qija "Жз Cha Ae, e 
Then z,,...., oecurs in 5.5 only in terms for which kı >>. kg 


are chosen from 4 , °° 5 5; + The coefficient of z,,..., in 
gk, Каса › Сьв) is (qr, Ба Ф) /(@, тыд. 
Hence the coefficient of tee, in Alir yit a азау", 
a;,) becomes 
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X207 X scd. 


8-0 face *,¢7 Quct* ф 
CECU s a eec йр 
(12.15) M sud EGÀE Paes» q 
zd ns eum oe c 
eum (9. — 1) +++ (4, — 1) 


From 5.4 we then have 


(02210 aL... = Dy Dy Ally, +, Bp pker g сы). 
BHO teur 


We multiply 12.16 by A(i,, -+> , i, j Qin y ,@;,) and take 
expectations on both sides. The left side then becomes 


(717 

gi ee g 

On the right side we obtain the covariance olA (i , : 
9, * к=з 04)4(5, 7 1,50, e Cre) of AGL, da 

95 , *** уал.) and A(á, ... rta j Ciy ++, Cra) since inter- 

actions between different factors are by Theorem 11.1 orthog- 

onal and therefore independent. Thus 
s[A , + atte e ta j ün E 5 Oe Geyer y *** Фф) 

-Ali gw haa Е" pau, t, а,б, jte gy b;.)] 


(9. — 1) --- (qi; — 1)о° 


“iy te f 


(12.17) 

(D^ (os — 1) (д, pe for bj, 7 а;, . 
dico qu T di. m ik 
We therefore have 


oA, , +++ pte уа 


ао.) — AG, + 


з tes Baars 

Py Wani iy p EE y СТИГА Ў] 

(12.18) 
= — =- — DE ;_ — — grues 
gg ОТЕТ 


da — 1) -- (qi — 1)]о° 
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e Esse = Казен) 


25? а 
Ee ee, ee Qs 758 


(12.19) 


I 
dad agus ol Ba 


In the case of a two dimensional lattice 12.19 reduces to 


qo + q + 9 ; з 
oo E 2, Gtk, jG Hl, 
сууы = 
pinto ==, JAk 
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In а three dimensional lattice 


Bia Yiu = 
2a: + 0 + @ф + tugs + 20s + qt а) 
3919293 у 
17 1,ј з т, К т т, 
e 291920 + фф + qg + 9293 + 2(q + qs) 
39.0203 2 
1= 1,ј т т, К з т 
E 2919293 + 193 + Ф + 295 


319293 
i=l, j=mkæ#Æn. 


The calculation of the efficiency factors with respect to the 
varietal estimates and differences between them is left to the 


reader. ; 
If the number of varieties is the square of a power of a 
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prime, then the experiment may be laid out to advantage in 
a so called lattice square, which like a Latin square permits us 
to break the soil fertility into two rectangular components. 
In a lattice square т? varieties are replicated in т Square arrays 
each with m? plots in such a way that every pair of varieties 
occurs together in the same row or the same column the same 
number \ of times. To construct a lattice square one needs 
(т — 1) orthogonal squares. The individual boxes of these 


squares may be denoted by v, , +++ , v. Together with the 
row and column number of the Latin Square each box corre- 
sponds to (m + 1) numbers 4, , --- , dm, 0 Si < т -– 1 
and the т? vectors v, = (H°, ... , ба), T TUNES. 


have the property that for every 0 < p, т < m — 1 and each 
pair 4, s there is exactly one vector v, for which if" = р, 
Са) 
«A = 7, 

We now form the first square by ordering the varieties into 


а square according to the first pair of coordinates. That is to 
say if va = (i, df, ... 


and the тпа column. The 
according to 7, , 
manner (m + 1) 
of the squares 
points are the 
occurs just on 


т 15 even we arrange according to the indices (à, , iz), (à , 4), 


` › 05, л). Thus every line of 


li 2,2 3,3 
2,3 3,1 1,2 
342. 13 21 
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The two squares of the lattice square then are 


Vi U2 Us D Us Us 
І =v Us Uo І, vs Vo Va 
V; Us Vo s 0% ГАА 


Similarly from 


1 V. 2 v 
2 Us i Vue. 
We obtain 3 squares of a lattice square with 4 varieties 
vi ГА vı Vs Ui Us 
І, == Ly m Із = 
ГА Us V2 Us Vs Us 


The assumptions underlying the lattice square are 
(a) 


yi? o ri? Hd? Бо HHO babe, 


(12.20) 
Serie E Se? - $a = Yu = 0, 
i i a k 

where 

са) ig the observed yield in the th row and jth column of the 
ath replication. 

(9) is the effect of the ith row in the ath replication. 

(а) is the effect of the jth column in the ath replication. 

шке is the effect of the variety in the ith row and jth column 
of the ath replication. 

ta is the effect of the ath replication. 

H is the general mean. 

The ef? are normally and independently distributed random 

ith mean 0 and the same but unknown variance o°. 


variables w. 
The equations resulting from minimizing 


(a) 


Qe з тшшн 


=e, —# — Н)" 
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become, if the Lagrange operator is ignored, 


1 a 
IEEE =» 


P" -LyXwW yay -y, 


022) Уу = DH + Del +70, +4, 


mys? = тӘ + Y^ 6, + тро + тд, 
rive) 

my = mé + 55. 9; + mu’? + mp, 
eite 


where Don denotes summation over all plots containing the 
kth variety, У), се (У, (2) denotes summation over all plots 
contained in the ith row, (or column), of the ath replication. 
Summing the fourth and fifth equations over all rows and 
columns respectively which contain the kth variety we obtain 


т (yi? -9t3G?- 
(12.22) " 
=m DA + m Уо + (or Nu. 


Dividing 12.22 by m and su 


btracting from 12.21 yields on 
account of r = (m + 1)/2 


2 a 
(12.28) 0, = Mm — 1) У (yt? = yi? = y + у). 
Непсе 
(9 ym. y? - i б, 
(12.24) — 
E= y? — y? — L Ó. 
M ota) 
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(e) 


If #, 6C? are the least square estimates of ri^, cj 
under the hypothesis v; = 0, j = (1, +++ , т?) then 


(a) _ ,,CO) (а) 
NU ew А 


(12.25) р 
ero = yt? - ym, 
It is easily verified that these solutions satisfy the restrictions 
in 12.20. Hence by Theorem 4.2 


a= УУ УРУ 
= т У + LOM 


= T 1 ? 
dl DID ut ue э] 
ri ej 


(12.26) 
+ m? b» (yy, 


0, – ©. = zzrz(--i DD 
e rs). 


m m 
ci 


We shall now compute the variance of 6, . We shall simply 


There are т observations Ч\ ÙR TWIN 


0, with the coefficient Bim — у Om) Fu 


varieties different from v, 


r 


s drm 1) | m=, ar 


2=4 =— 
Nm Nom! Moni 


„um a Xm 10) 


Oo Nm Nm Am? 
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Since every pair of varieties occurs exactly А times Q, — Qa 
must be symmetric in the 6, . Therefore applying Theorem 4.5, 
12.26 simplifies to 


Q@= LE > шу – т DOD oy 
(12.27) + 2 (f2y] — (—» x4 + т Y (Oy 
9 -9-€6-»25. 


The degrees of freedom of Q, are m'r — (m? — 1) — 
2r(m — 1) — (r — 1) — 1 and of Q, -Qm — 1. 

The variance of 0; — 9; can also be obtained by simple 
enumeration of the observations entering into 0; — 6; and 
turns out to be 

LT 2 


c r=)" 


The details of this enumeration are left to the reader. 

The efficiency factors with respect to 0; and with respect to 
0; — 6; both turn out to be (m — 1)/(т + 1). 

Several more complicated designs are in use which all evaluate 


the idea of treating the varietal effects as treatment com- 
binations of several factors, It 


n an (r + 2) fold lattice. If 
th of the side then the resulting 


pp. 424-455, Ann. Eugenics, pp. 319-332, Journal of Agri- 
cultural Science 30, pp. 672-728.) 


CHAPTER XIII 
Analysis of Covariance 


WE SHALL CONSIDER in this chapter the following linear 
hypothesis. Suppose we have N observations yi: , ys , +++ , yx 
and constants Tia , +++ , z, «(a = 1, +--+ , №). We assume 


E(y.) = ta + Bitia d By а= 1, 7, М, 
(13.1) 

умун, = 0 d—1,.,5 <N тапк (л) =з >р. 

Y 


The hypotheses to be tested may concern either the pa or 
the 8; . Accordingly we shall consider two kinds of hypotheses 
Hy: Улу =0, t=8+1,---,7 SN, 
T 


(13.2) rank (A,,) = r, 
Н, : > vabi =0; = 1, +55, ф. 

Both hypotheses are linear hypotheses and Theorem 4.1 
applies. The degrees of freedom for Q, are obtained as follows: 
The expectations E(y.), а = 1, -+-+ , N, are first expressed by 
the N + p parameters pa , а = 1, ···, №; В;,ї = 1, -++ , p. 
The linear restrictions in 13.1 enable us to eliminate s of the 
Ha . If we arrange it so that ш, +++ , д, are eliminated this 
will lead to 


N 
(13.3) Elya) = 25 aiu + Pitia + ++ + Ва « 
If the matrix 
@‹,+ууз *°* ам TMi occi Шш 


(13.4) 


Qusi 777 Ann Tin *** Ton). 
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has the rank N + p — s then we have expressed the N ex- 
pectations E(y.) by N + p — s parameters and this is equiva- 
lent to s — p linear restrictions on E(y.). Thus Q, will have 
8 — p degrees of freedom if the matrix 13.4 has the rank N op 
p — s. The degrees of freedom for Q, — Q, are obtained by a 
straight forward application of Theorem 4.1. 

The analysis of covariance is frequently applied to r way 
classification designs. Thus we might have taken observations 
on the weight gains of animals from r different races at k 
different diets and might have recorded the initial weight of 
each animal. Assuming that the interaction is 0 and that 
weight gains of animals depend linearly on the initial weight 
we can write our assumptions as 


E(ys) = ui + n4 +e бх, Pelee ipod, + ку k 
where y;; is the weight gain of the animal from the ith race 
receiving the jth diet and 2;; is the initial weight of this animal. 
The hypotheses to be tested may be 


H: шщ. =0,i=1 


The tests for these hypotheses are obtained by a straight 
forward application of Theorem 4.1, 


CHAPTER XIV 
Interblock Estimates and Interblock Variance 


THE BLOCK WHICH WILL CONTAIN a certain set of treatment 
combinations or varieties is actually always chosen at random 
so that the block effect may also be regarded as a random 
variable. This point of view makes it possible to obtain un- 
biased and consistent estimates also of confounded interactions 
in a factorial experiment. Thus from formula 11.13 we see 
that if La presents the linear form >>; tagte corresponding to 
the linear form Sa = У) {Т in the treatment combinations 
Тв then 


(14.1) La = 8. + D> tasdip 25 tapes ; 
В B 


where the e; are normally and independently distributed with 
mean 0 and variance o*. If the block effects are considered as 
normally distributed random variables independent of each 
other and of the random error e, with variance c^ and mean 
у, then L, is an unbiased estimate of S, if S, is not the mean 
and thus comparisons between confounded linear functions are 
still possible. The variance of a confounded form L, becomes 
by 11.14 575^; с, + o° У) йв. Now u У), се; = 1, Plug = 1 
because of the orthogonality of the substitution. Hence 


(14.2) oi, = uc" + c. 


If Г, is another confounded linear form then Chalp = 
wo”? У), cata; + o^ У), бм, = 0 because of the orthog- 
onality of the matrix (бв) and the assumption of independence 
of the block effects. Similarly ezaz, = 0 if La is confounded 
and Lg; unconfounded. Thus comparisons involving con- 
founded linear functions become possible. The estimates of 
L, obtained in this way are called interblock estimates and 
the comparisons between interblock estimates are termed in- 
terblock comparisons. The variance ug’ + о? can be estimated 
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if several complete replications are available. The confounded 
forms are then treated as a separate set of observations all 
with the same variance and with means S, . As long as no 
partial confounding takes place confounded linear forms may 
be compared with each other applying the F test, with Qa 
being obtained from the sum of the squares of deviations of 
these forms from their mean values. The degrees of freedom 
of Q, are (r — 1)f where r is the number of replications and f 
the number of linear forms confounded. For comparisons of 
confounded with unconfounded forms no exact test is available 
at present. 

If the linear form Sa in the treatment combinations is 
confounded in some replications and orthogonal to the blocks 
in other replications, we shall obtain two independent estimates 
of Sa : intrablock estimates from those replications where 
S, is orthogonal to the blocks and interblock estimates from 
replications in which S, is confounded with all the blocks. 
If we would know the interblock and the intrablock variance 
then these two estimates could be combined so as to yield 
minimum variance. Let L, and Li be the intrablock and the 


interblock estimate respectively of S, and let о? and c be 
the variances of L, and L, respectively. La and L} аге in- 
dependent being derived fr 


om different observations and both 
are also inde 


pendent of Q, as may be seen from Theorem 11.3. 
An easy calculation shows that 


2 
Ls = tile + ÈL, 
: 


oe Foo. 
has the smallest, variance among all linear combinations of 
the form (aL, + Ы 


he f / «)/(a + b). Moreover Lt is normally 
distributed with variance (0%) /(0? + 04) so that 
(14.3) pois 1? 

l oga Qo: 
has the F distribution with 1 and f degrees of freedom where 
fis the number of degrees of freedom for Q, as given by Theorem 
113 and c is some known multiple of o’. However c^ and 
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c^" are not accurately known. As an estimate of c^ we may 
use Q,/f and an estimate of uc" + c^ may be obtained from 
those linear forms which are confounded in more than one 
replication and also by comparing the observations on the 
same linear form in replications where it is confounded with 
those in replications where it is unconfounded. However, if we 
replace c^ and o^ by these estimates then F as given by 14.3 
does not have the F distribution. If the estimates c^ and c^ 
are both based on a large number of degrees of freedom then 
F in 143 will at least be approximately distributed as F since 
c? and c^ converge stochastically to their true values. Thus 
although we might gain somewhat in efficiency by utilizing 
the interblock estimates we do so at the expense of mathe- 
matical rigor. It may also be remembered that a decrease in 
variance is not necessarily equivalent to an increase in power. 
Formula 14.2 shows moreover that the variance of the inter- 
block estimates is large compared to the variance of the intra- 
block estimates, whenever there is any appreciable variation 
from block to block. Thus a sizeable advantage is derived from 
the use of the interblock estimates only if the blocks are nearly 
uniform in fertility. 

In quasifactorial designs the procedure described in the pre- 
ceding paragraph applies without change. In other designs for 
varietal trials, for instance incomplete balanced blocks, the 
application is not immediate. We note however that the sums 
of the yields of whole blocks involve differences in the varietal 
content of the blocks. Thus estimates of the varietal effects 
may be obtained by considering the regression of the block 
totals on the varietal effects. The estimates of the varietal 
effects obtained in this manner will be linear functions of the 
block totals. We shall show that the block totals are inde- 
pendent of the intrablock estimates and independent of Q, . 
We refer to the assumptions 7.8 of a general arrangement, of 
varieties in blocks where however no variety occurs more than 
once in any block. The estimate 0; is consistent by 4.49. Hence 
if 0; = by. Aala Where Tı , *** , Ty are the observations then 


EO) =v: + 22 Mb. t n D Aa , where Ta lies in the ith 
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block. Since $; is an unbiased estimate of v, we must have 
Dozacts Аа = У). „сь, Ха for all i andj and У), A, = 0. Hence 

засы ^. = 0 which means that 0; is orthogonal to, and 
therefore independent of the block sums. 

If in the set up 7.8 we test the hypothesis v; = 0 then the 
estimates of the block effects will be given by the block averages. 
Applying Theorem 4.2 and 4.1 we then see that the block 
sums are also independent of Q, obtained by minimizing 7.9. 
Since the interblock estimates are linear functions of the block 
sums it follows that they are independent of the intrablock 
estimates and of Q, computed from the intrablock estimates. 
Interblock and intrablock estimates may be combined as in 
factorial experiments so as to give minimum variance. For this 
process it is necessary to estimate the interblock variance. То 


obtain such an estimate it will be convenient to write the 
assumptions 7.8 in the form 


(14.4) Ely) = v; + b; Dv; = 0. 


i d also assume that no variety occurs twice in the same 
ock, 


If we test the hypothesis b; = 4;j = 1, +++ , b then the re- 
gression value of y;; becomes V;/r; and hence by Theorem 4.2 


98 €-6-EdS-YXp-&-$-rH. 


Since 14.5 is the proper statistic for 
b; = p it must hav 
the numb 


Thus 


testing the hypothesis 
€ (b — 1) degrees of freedom where b is 
er of blocks. Moreover it can not depend on the v; - 


Q. – Q, = >, È aub;b, + > ab; + W. 
Where W is independent of the b; and v, . The a., are, more- 
й. pem and the a; independent of b, оу 
t i al 
on 5h = аш to u then 2 Doti У, ab; = 
a vii H Ды: 0; must be independent of и and there- 
i i Qij i @; = 0 and E(W) = (b — 1)о?. Then 
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if the b; are considered as random variables with the expectation 
ш 


E 2j a;;b;b; + 2; a;b;) 
ao" Dante У аа 
a 2n аг. 


Thus the expectation of Q, — Q, when the b; are considered 
as independent random variables must be of the form ac^? + 
(b — 1)c?. To find a we have to find the sum of the coefficients 
of the 03 appearing in 14.5. 

The middle term in 14.5 is an estimate of a multiple of o° 
and therefore independent of b; . In the first term b; occurs 
with the coeffieient k; , in the last term with the coefficient 
SS 1/r; where У) f() denotes the summation of f(7) over 
all ¿ such that the ith variety occurs in the jth block. Hence 


ol) 2 
Q- 0) -(v- SEP Ae + 0 = ve 


(14.6) 
= (N — js" + (b = Do, 


where N is the number of experiments and v the number of 
varieties. Since Q, has N — v — b + 1 degrees of freedom 


9, — Q. Poast Oya e 
may be used as an estimate of (N — vo”. 
We shall apply these results to incomplete balanced block 
designs. The interblock variance съ of the block totals becomes 
c, = k^ + ko. 


To estimate сз we use 


m e 
M-Y4-XGs-5-htw'-:EV, 
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where $; , b; ‚д ате given by 7.19. From 14.6 we have 
(14.7) Е(М) = wr — 1e? + (b — 1)о?. 
Thus putting 


Q. _ ей 
грати S 


2 2 
M LBS) = bo 2 _ ов 
(14.8) a(o- ps D LEE 
Thus k (kM — (w — k)s*]/[v(r — 1)] may be used as an 
estimate of оъ . The intrablock estimate of v, is 6; = 
(kV; — T)/Qw). The interblock estimate isfound by mini- 
mizing 
(14.9) = Ув, – Y?» — ky? 
under the restriction $^, v, 


— 0. Differentiation with respect 
to v; and и yields 


ДОННА 
(14.10) 
PU MP 
bk = 


where 7 is the La, 
estimates of y 
the varieties 


grange operator and #; , В' the interblock 


д. Adding the first, of the equations 14.10 over 
yields т = 0 and hence 


(14.11) pf T — р 
r=, C 


We Shall usually want maximum precision with respect to 
the estimates of v. 


arietal differences, Now 


2 2k , 
ТЕТ PU с, 


F | 
(14.12) 


T ж $957. 
briso TE Spy. 
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Thus maximum precision for the varietal differences is 
obtained if we use as their estimates the differences of the 
quantities 
es/(r — Nb: + (Ко?) (а); 

с/т — M) + (ko")/Q2) 


Ж = 


(14.13) 
_ wori + k(r — Neb 
= wo + Кт — Xe 
The variance of the difference v* — v? is given by 
2 - 2ko^o5 
giri = GEG А) + Mes 
Thus 


F= bk — v — b + 1ek(r — А) + wos (vf — vf) 
[s 1 2ke'5 Q. 


has the F distribution with 1 and bk — v — b + 1 degrees of 
freedom respectively. Actually however c^ and съ are not 
accurately known and must be replaced by Q./(bk — v — b + 1) 
and 
EM — (v E о 
k = ea 7 Ss. 


This will not lead to a very serious inaccuracy if the number 
of blocks is sufficiently large. However an advantage is only 
gained if the soil fertility differences between the blocks is 
actually very small. Sometimes it may happen that the estimate 
for ch becomes smaller than S°. In this case it is recommended 
to replace it by S^ in formula 14.13 since c5 > о? under all 
circumstances and since S° is a better estimate of c? than 5% 
even if there are no block differences. 

The procedure for utilizing interblock estimates in the 
analysis of incomplete balanced block designs which we derived 
above is arranged for easy calculation in the 1943 edition of 


the statistical Tables of Fisher and Yates. 


Index 


Albert, A. A., 7 ff. 


Balanced incomplete Block Design, 
83 ff; symmetrical, 122; derived, 
122; residual, 122. 

B function, 64 ff. 

Bhattacharya, 122, 126. 

Bose, R. C., 115, 124, 126. 

Bruck, R. H., 105. 


Characteristic, 92. 

x? distribution, 3. 

Chowla, 127. 

Cochran, W. G., VIII, 15, 160. 

Covariance, analysis of, 169, 170; 
matrix, 10 ff. 

Critical region, 62; most powerful, 
62; unbiased, 62. 

Cyclotomic polynomial, 101. 


Degrees of freedom, 3, 30. 

DeLury, D. B., 137. 

Differences symmetrically repeated, 
116. 


Efficiency factor, 83. 


Factorial experiments, 139 ff. 

F distribution, 5, 30. 

Field, 91; finite, 91 ff. 

Finite geometries, projective, 107 ff; 
Euclidean, 112 ff. 

Fisher, R. A., VII, 84, 122, 126, 148, 
177. 


Galoisfield, 91 ff. 

T function, 2, 64. 

General mean, 39 ff. 
Greatest common divisor, 95. 


Hancock, 39. 
Hsu, P. L., 75. 
Hussain, Q. M., 127. 


Interaction, 47; component, 140. 
Interblock estimate, 171 ff. 
Interblock variance, 171 ff. 
Inverse matrix, 8; element, 91. 


Lagrange operator, 38 ff., 52. 

Latin square, 76 ff; replicated, 80; 
with observations missing, 135 ff; 
superimposed on a square lattice, 
168; orthogonal Latin squares, 81. 

Lattice designs, 157, ff; balanced, 
168. 

Lattice squares, 164 ff. 

Likelihood ratio, 22 ff., 30. 

Linear hypothesis, 23 ff., 63 ff., 70 ff. 


Matrix inverse, 8; non singular, 9; 
orthogonal, 11, 12; transposed, 8. 

Maximum likelihood estimate, 22, 
24. 

Modul, 115 ff. 


Nandi, R. K., 127. 


Orthogonal Latin squares, 81; linear 
forms, 140 ff; linear forms orthog- 
onal to a block, 145; matrix, 11, 
12. 


Power of a test, 61. 
Power function, 63. 


Quadratic form, 8; positive definite, 
9; semi definite, 9; rank of, 9, 10. 


179 


180 


Rao, Radhakrishna, 148. 

Regression, 30 ff; value, 31, 41; 
equation, 41. 

Ryser, H. J., 105, 127. 


Snedecor, G. W., VIII, 5. 


Tang, P. C., 69, 71, 72. 
Treatment effect, 143, ff. 


Unbiased, estimate, 18, 35; critical 
region, 62. 


Yates, F., VII, 122, 126, 137, 138, 
148, 154, 168, 177. 


Wald, A., 23, 73, 74, 75. 
Whitney, D. R., VIII. 


Tables 


TABLES OF THE 5% AND 1% POINTS FOR THE DISTRIBUTION OF F 
From Snedecor, George W., Statistical Methods Applied to 
Experiments in Agriculture and Biology. The Iowa State College 
Press, Ames, Iowa. 4th. Ed., 1946. 


Permission to include these tables has been obtained. 


TABLE OF Eo.01 AND THE CORRESPONDING VALUES OF Py; and 
TABLE OF Eo.0s AND THE CORRESPONDING VALUES OF Py . From 
Tang, P. C., “The Power Function of the Analysis of Variance 
Tests with Tables and Illustrations of Their Use.” Statistical 
Research Memoirs, Department of Statistics, University of 
London, Vol. II, pp- 126-57. 


Permission to include these tables has been obtained. 


181 


TABLE 10.7—5% (Roman Түрк) Амр 1% (Bou 


mı degrees of freedom for numerator 


3 4 


5 6 т 8 9 0 п 12 
1 | 161 200 216 225 230 234 237 239 241 242 243 244 
4,052 4,999 5,403 5,625 5,764 5,859 5,928 5,981 6,022 6,056 6,082 6,106 
2 [18.51 19.00 19.16 19.25 19.30 19.33 19.36 19.37 19.38 19.39 19.40 19.41 
98.49 99.00 99.17 99.25 99.30 99.33 99.34 99.36 99.38 99.40 99.41 99.42 
3 |1013 9.55 928 912 901 894 888 884 881 8.78 8,76 8.74 
3412 30.82 29.46 28.71 28.24 27.91 27.67 27.49 27.34 27.23 2713 27.05 
4 |771 6.94 6.50 6.39 6.20 6.16 6.09 6.04 боо 5.00 5.93 5.91 
21.20 18.00 16.69 15.98 15.52 15.21 14.98 14,80 14.66 14.54 14.45 14.37 
5 | 6.01 5.70 541 5.19 5.05 4.95 4.88 4,82 4.78 4.74 4.70 4.68 
16.26 13.27 12.06 11.39 10.97 10.67 10.45 10.27 10.18 10.05 9,96 989 
6 |599 514 4.76 453 439 428 421 415 410 4.06 4.03 4.00 
13.74 10.92 9.78 9.15 8.75 8.47 826 810 798 7.87 7.79 7.72 
7 | 5.59 474 435 412 397 3.87 379 3.73 3.0 60 3.57 
12.28 9.55 845 7.85 7.46 7.19 7.00 6:84 ЕЯ 62 es 6.47 
8 | 5.32 440 407 3.84 369 3.58 350 344 3.39 3.34 3.31 3.28 
11 865 7.59 7.01 663 637 619 603 591 bat 5.74 5.67 
9 |512 426 386 3.03 348 337 329 323 3.18 3.3 310 3.07 
10.56 8.02 6.99 642 6.06 580 562 547 015 5.26 518 5.11 
10 |496 410 3.71 348 333 322 314 307 3 
5 5 . . .02 2.97 294 2.91 
10.04 7.56 6.55 5.99 5.64 5.39 5.21 5.06 4.95 4.85 4.78 4.71 
11 | 484 398 3.59 336 320 309 3.01 
, Ў 4 01 295 2,90 2.86 2.82 2.79 
9.65 7.20 6.22 5.67 532 5.07 455 4.74 4.63 4.54 4.46 4.40 
12 |475 388 349 326 311 зоо 2 
. Я ý T 92 2.85 2.80 2.76 2.72 2.69 
à 9.3 693 5.95 541 506 482 46 4.50 4.39 4.30 4.22 4.16 
3 |467 280 341 318 302 2 
А Я { 92 284 277 272 2 2.60 
Fy ы .67 263 2. 
н 07 6.70 5.74 520 486 4.62 444 430 419 410 402 3.96 
460 374 334 311 2.96 2.85 
386 Gi . T . 2.77 2.70 2.65 260 2.56 2.53 
xis 1 556 5.03 469 446 428 4.14 4.03 3.94 3.86 3.80 
54 308 329 306 299 2 
868 636 ; 1 79 230 264 259 255 251 248 
M. 542 4.89 4,56 432 414 4.00 3.89 3.80 3.73 3.67 
49 3.68 324 301 285 27 
8.53 6. 3 Е ПЛА 266 259 2.54 249 245 242 
М = 5.29 477 444 420 403 359 3.78 3.69 3.61 3.55 
45 359 3.20 296 281 2.70 
8.40 611 Y d 2.02 2.55 2.50 2.45 2.41 2.38 
M e 5.48 4.67 434 410 3.93 3.79 3.68 3:59 352 3.45 
4 55 3.10 293 277 266 
8.28 601 5 . [0] 258 251 246 241 237 234 
A pedibus 09 4.58 4.25 4.01 3.85 3.71 3.60 3.51 3.44 3.37 
4 -22 3.13 290 274 263 
8.18 5.93 5,9 Ё $ 2.55 248 243 2.38 2.34 2.31 
M = 1 450 417 394 377 3.63 3.52 3.43 3.36 3.30 
dé 840 310 287 271 260 
8.10 5.85 494 x (a; 252 245 240 235 231 228 
"d Nae ea 143 410 387 371 3.56 3.45 3.37 3.30 3.23 
и 47 307 284 268 2 
8.02 5.78 4,87 4. 2 97 249 242 237 232 228 2.95 
lee ce 37 4.04 381 3565 3.51 3.40 3.31 324 3.17 
; у 5 2. 
794 572 405 15 1 а 247 240 235 230 226 223 
х 16 259 345 335 326 318 312 
The function, Р = e with exponent 22, 


Face ТҮРЕ) POINTS ron тне DISTRIBUTION оғ F 


nı degrees of freedom for numerator 


м 16 20 2 30 75 100 200 = 
245 240 248 249 250 253 
6,142 6,169 6,208 6,234 6,258 6,302 6,323 
ME 19.43 19.44 19.45 19.46 19.47 19.47 19.15 
.43 99.44 99.45 99.46 99.47 99.48 99.48 99.19 
2871 „8609 806 $01 802 8.60 8.55 8.57 
.)2 26.83 26.69 26.60 26.50 26.41 26.35 26.27 
1587 554 580 577 574 571 5.70 5.08 5.00 5 
724 14.15 14.02 13.93 13.83 13.74 13.69 13.61 13.57 13. 
4.04 4.60 4,50 4.53 4.50 446 444 442 440 4 
9:7 9.68 9.55 947 938 9.29 924 917 913 9. 
3.96 392 387 391 351 377 3.75 3.72 371 34 
160 752 739 731 723 714 7.09 7.02 6.99 6. 
352 340 344 241 338 324 332 320 328 325 324 323 
6.35 6.27 6.15 6.07 5.98 5.90 5.85 5.78 5.75 5.70 .67 5.65 
3.23 ais 312 308 305 303 300 298 290 204 2.93 
5.56 536 528 520 $11 506 5.00 4.96 4.91 4.88 4.86 
3.02 2.93 290 286 282 250 277 276 273 272 2.71 
5.00 480 4.73 4.64 456 4.51 445 441 4.36 4.33 4.31 
2.86 д 4 270 2607 204 201 259 256 2.55 2.54 
4.60 MA dd 210 207 412 405 401 396 393 391 
2.74 265 201 257 253 250 247 245 242 241 240 
1.29 ilo 05 $394 386 380 3.74 3.70 366 3.6 3.60 
2.64 54 250 246 242 240 236 235 2.32 231 230 
4.05 $86 230 510 361 356 349 346 341 3.38 3:36 
255 251 240 242 238 234 232 228 2.26 224 2.22 221 
3.85 3:78 3.67 3.59 3.51 342 3.37 3.30 3.27 3.21 3.18 3.16 
248 244 239 235 2231 227 224 221 249 210 214 2.13 
370 362 3.51 343 3.4 3.26 321 314 311 3.06 3.02 3.00 
2 210 208 2.07 
243 230 233 229 225 221 218 215 212 2. 
$50 348 336 329 220 312 307 300 2.97 2.92 2.89 2.87 
237 233 228 221 220 216 219 209 207 2.04 202 201 
aut 239 3:25 3.18 3.10 3:010 2.96 2.89 2.86 2.80 2. 2.75 
219 215 211 208 2.04 202 199 T 1.96 
538 $27 518 249 £00 292 286 2.79 2.76 270 267 2.65 
до 215 211 207 204 200 198 195 P 1.02 
BED 21 219 3:00 2.91 2.83 2.78 2.71 2.68 262 2. 2:57 
15 2.11 2.07 2.02 2.00 1.96 1.94 1.91 1.88 
$19 $n 30 2:32 284 216 2.70 2.63 2.60 2.54 249 
18 212 208 201 199 106 192 190 187 1.84 
$13 218 294 286 277 269 2.63 2.56 253 2.47 242 
220 2.15 209 205 200 1.96 193 189 187 ] 84 1.81 
220 295 288 280 272 263 258 251 247 242 2:36 
218 213 207 203 198 193 191 187 184 181 148 
$02 294 2.83 2.75 2.67 258 2.53 246 242 2.37 2.31 


VIG). 


. Additional entries are by interpolation, mostly graphical. 
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TABLE 10.7—5% (Roman Түрк) ann 1% (Вор 


alas 28 зе ss ss ao оь eg кө оо оз aa оз cz оз њо озю юш BA AS оъ сш 
ajas се aa са na са RR SH SH St Өг SS SS =з сё сз 35 сш Sa аз SS 2S 
мо чо AN AN AN ач ач AN cic ad cid Ad ad BA о чой дой да dd aN AN AA aN 
шт NO сю DN ою HH FA NAS CO ON ою HH HH CO HH OD от DN ro HO WS со 
д|ёд AS яә се са na wo na зе Se St зе ZB SR SS 8B ёз $2 єз 48 Sh ©з 
ciel cies че cii ич Ciel cii ciel Ciel ач ciel cial ciel ча аа cie cie ci са del el cel 
д Sh ДЗ па g2 29 29 ою Sz S9 се оз no зы шы co sp по оо om vu KO 
аан 95 ап 88 He 928 48 SR AS Ag вш S2 Ба St SE SE SE 88 зе єп Ez ъв 
Cif? Cie) мо Ci чо чо Cic ач NN NN NN ci AN AN cies cci AN ci cid оча RN сч 
© йй бе 28 72 12.8.32 232-12 5 1 1727-7 1-39 $9 9 
$|e|88 88 SH AS SZ an AS u$ аз 55 Ak лш SS HB 23 55 82 Бе Gk SR SE ss 
3 сб cie) cie) cie cies cie cie) cie cie cic Gini сїй ciN сісї cie сісі Gini Cini сіс ci ied ciel 
А 
E 
= o ч по SS со HO Lt. HN NVO чч ON DH һо Ow HN мо 00 чю ON Da rt. 
Вой S8 Z8 SR S8 AR AR AS SA Пё as AQ яа ма 53 Z8 за 2$ пш ош $8 Sk 
В OU cie có сіс cie ci cie ci cie сеў c ci ce ci CIN cc ce ce ci ос о сай AN 
E 
ә -* EI со юю tS Có Om юю OH HN HO (Ot AM c ON © газ с = 
є|# ёз == 89 Ба ва 88 Z8 SS Sq S5 S5 Sk AS 85 98 as бё 58 пы 58 дш 
Е i cies cied cied сїз сеў сез сїй сіе) сїз сїз сёз сез cic) cic) ci) cie) се чч соч сч ор 
в a 
3 ee me Gi оч mo go ou we сю ыў ON ое qu KY BY жа wr 
P|e|B5 zu SS 58 эш 28 сз ч v9 55 S9 na SA SN ES SQ юз S3 NS S3 AB RS 
S|^|N de de аё ae че ce AS cles de dé de dé e de de de de dé de dd d 
5 
а Be не са me €x oc se ое ач aN оз OF EY S юй 
$|.|2a 88 33 88 BE зе SE пе шш еш $5 эз Yq шз бз ош шз GF ES RS SS BR 
веча sie cie cid ciel eie cle ciel cles cid od ciel cie cie cies сы се ci cie че чы Sted 
E 
ч 
РР E Be по пе z9 29 29 he ез ON х= OS но oe 
z|-|88 EN ES EZ ББ ES Ёз SS SH SH SB SS SE 23 SE EK BE RA хз бш BS 28 
SS SS SS N« wg Na gis ciel otal аё du cid’ clei cia: cia cial We cit CN EN 
өз ач, me фей Se nv x se Ge кў ed oe немсе юе жш 
4|88 38 88 ёз $8 85 ©з Se SS 29 28 05 йы 09 SH ыл ZA ES RS RA RS ES 
So SS AS ош sg We NX eM NS Ne ел ele eei ел eA ELE idee’ па UE 
«|98 Sz 8S5 58 82 39 8S9 33 S3 S8 S8 Sa 95 95 ыз RS ag 52 ng 58 Z9 NS 
55 cd chd 84 d 45 45 ch cá cha ch cá did 65 ch бб 5 Әб сш d dX de 
-|88 S8 4t AN ыш SZ 58 88 48 бш 48 ЗЕ Sq 5N Sa Sq Z2 S5 ез вв єз шш 
qe ee es бк Neque de cH HE ae QE чы CARE RASSE мы NE «с дысы єє 
wo" ex. Ses cs mw e. ла о o 
- hd + E] © Ре e e o e g 
2 Um X A UN ON Re ce aina See aae WEBS WW wu KS" wr 


e with exponent 22, 


The function, F 


48‘computed in part from Fisher’s Table 


Face ТҮРЕ) Porxrs ron тне DISTRIBUTION or F 


ти degrees of freedom for numerator 
14 16 20 24 30 40 50 75 100 200 500 œ ^s 
2.4 210 204 200 190 191 188 1.84 182 179 1.77 1.76 | 23 
2.97 2.89 2.78 2.70 2.62 2.53 248 2.41 2.37 2.32 2.28 2.26 
243 2.09 2.02 1.98 194 189 1.86 182 180 176 174 1.73 | 24 
2.93 2.85 2.74 2.66 2.58 2.49 244 236 2.33 2.27 223 221 
211 2.06 2.00 1.90 1.92 187 184 1.80 177 174 172 17 | 25 
2.89 281 2.70 262 254 245 240 2.32 229 223 219 217 
2.0 2.05 1.99 195 1.90 185 182 178 1.76 1.72 170 1.69 | 26 
2.86 2,77 2.66 2.58 2.50 241 236 2:28 2,25 2.19 2.15 2.13 
2.08 203 1.97 193 188 184 180 176 174 171 1.08 1.67 | 27 
2.83 2.74 2.63 2.55 2.47 2.38 2.33 2.25 2.21 2.16 2.12 2.10 
2.00 2.02 1.96 191 187 1.81 1.78 1.75 172 1.69 1.67 1.65 | 28 
2.80 2.71 260 252 244 2:35 2.30 2:22 2.18 2.13 209 2.06 
2.05 2.00 1.94 1.90 185 180 1.77 173 171 1.68 1.65 1.64 | 29 
277 268 257 2.49 2.41 2.32 2:27 219 215 210 206 203 
2.01 1.99 193 189 184 179 176 172 1.69 1.66 1.64 1.02 | 30 
274 266 255 247 238 2.29 224 216 2.13 207 203 2.01 
2,02 197 191 180 182 176 174 169 167 1.04 1.61 1.59 | 32 
270 262 251 242 2.34 2.25 2.20 2.12 208 2.02 1.98 1.96 
2.00 1.95 189 1.84 180 1.74 171 167 164 1.61 1.59 1.57 | 34 
2.66 2.58 2.47 2.38 2.30 2.21 2.15 2.08 2.04 1.98 1.94 1.91 
1.98 193 187 182 178 172 169 165 1.62 1.59 1.50 1.55 | 36 
2162 254 243 235 226 2.17 2.12 2.04 200 1.94 1.90 1.87 
1.00 1.92 1.85 1.80 1.76 1.71 1.67 1.63 1.60 1.57 1.54 1.53 38 
2.59 2.51 2.40 2.32 2.22 2.14 2.08 2.00 1.97 1.90 1.86 1.84 
195 1.0 184 179 174 169 1.66 1.61 1.59 155 1.53 1.51 | 40 
256 249 2:37 2.29 2:20 2.11 205 1.97 194 188 1.84 181 
194 189 182 178 173 168 164 1.00 1.57 1.54 1.51 149 | 42 
254 2.46 2.35 2.26 2.17 2.08 2.02 1.94 191 185 1:80 1.78 
192 188 181 176 172 1.00 163 158 156 152 1.50 148 | 44 
252 244 232 224 215 206 2.00 1.92 188 1.82 1.78 1.75 
101 187 180 175 171 165 162 1.57 154 151 148 140 | 46 
L9) 187 20 222 213 204 198 19% 1% 180 176 172 
лә 174 170 164 161 156 153 150 147 145 | 48 
190 180 179 220 211 202 1% 188 184 178 173 170 
174 1.60 1,03 1.00 155 1.52 148 146 1.44 | 50 
246 235 118 Lia 210 200 194 186 182 176 171 168 
вз 176 1.72 167 1.61 158 152 150 146 143 141 | 55 
188 183 353 215 206 196 190 182 178 171 166 164 
5 170 165 159 1.56 1.50 148 144 141 139 | 60 
ie oin 115 110 203 i193 187 179 174 168 163 160 
2 139 1.37 | 65 
зз 180 1.73 168 163 157 154 149 140 14 
LS 080 218 209 200 190 184 1% 171 1.64 160 15 
5 5 140 137 133 | 70 
ло 172 1.07 162 150 1.53 147 145 
dus 179 Lis 207 198 188 132 174 169 162 156 153 


VI(7). Additional entries 


are by interpolation, mostly graphical. 
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TABLE 10.7—5% (Roman Tyre) Азр 1% (Born 


mi degrees of freedom for numerator \ 
ka i m i$ 4$ bh 9 T € 59 1 mn n | 
во |396 3.11 272 248 2.33 221 212 205 1.99 1.95 191 1.88 

6:96 4.88 4.04 3.56 3.25 304 2,87 2.74 2.64 255 2.48 2.41 
100 | 3.04 3.00 2.70 246 230 2.9 210 203 1.97 1.92 188 1.85 
6:90 4.82 3.98 3.51 3.20 2.99 282 2.69 259 251 2.43 2.36 , 
i25 | 3.92 3.07 2.08 244 2.29 217 2.08 201 1.95 1.00 1.80 1.83 
6.84 4.78 3.94 3.47 317 2.95 2.79 265 2,56 247 240 2.33 | 
150 | 3.91 3.06 2.07 243 2.27 2.16 207 200 191 1.89 1.85 1.82 
6.81 4.75 3.90 344 314 2.92 2.76 262 253 244 237 2.30 
200 |3.89 301 2.65 241 2.26 214 205 1.98 192 187 1.83 1.80 
6.76 471 3,88 3.41 3.11 290 273 260 250 241 2.34 2.28 
400 | 3.86 3.02 2.02 2.39 223 212 203 1.9 d 
$10 4.66 3,83 336 3.06 285 209 258 150 i ox 
1000 | 3.85 3.00 2.01 2.38 222 210 202 195 1. Г лб 
666 462 380 334 304 282 2668 200 180 181 180 270 
ә |384 2.99 2.00 2.37 2.21 209 201 194 1 75 
664 460 3.78 332 302 280 264 251 Zi 232 bo, 215 


The function, Р = e with exponent 2z, is computed in part from Fisher's Table 
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Face Түрк) Porwzs ror тнк Disrarsution оғ F 


та degrees of freedom for numerator 
ти 
14 16 20 24 30 40 50 75 100 200 500 œ i 
1.2 177 1.70 165 160 154 151 145 142 1.38 1.35 1.32 | 80 
2.32 2.24 2.11 2.03 1.94 1.84 1.78 1.70 1.65 1.57 1.52 1.49 
179 1.75 1.68 1.68 157 1.51 148 142 139 134 1.30 1.28 | 100 
2:26 2.19 2.06 1.98 1.89 1.79 1.73 1.64 1.59 151 146 1.43 
177 172 165 1.60 1.55 149 145 139 136 1.31 127 1.25 | 125 
2:23 215 2.03 1.94 185 L75 1.68 1.59 154 1.46 140 1.37 
176 171 164 1.59 154 147 144 137 134 129 125 1.22 | 150 
2:20 212 200 191 1.83 1.72 1.66 1.56 151 1.43 137 1.33 
1.74 1.00 1.02 1.57 1.52 145 142 135 132 1.26 1.22 1.19 | 200 
217 209 197 1.88 1.79 1.69 1.62 1.53 1.48 1.39 1.33 1:28 
172 1.67 1.60 1.54 149 142 1.38 132 128 122 116 1.13 | 400 
212 204 1.92 184 174 1.64 157 147 1.42 132 124 119 
1,70 165 158 1.53 147 141 136 130 126 1.19 113 1.08 |1000 
209 201 1.89 181 171 161 154 144 1.38 128 119 1.11 
1.69 1.04 1.57 1.52 1.46 140 1.35 128 124 117 111 100 | œ 
2:07 1.99 1.87 1.79 1.69 159 1.52 141 136 125 115 1.00 


VI(7). Additional entries are by interpolation, mostly graphical. 
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TABLE I. TABLE OF Ед AND THE CORRESPONDING VALUES OF Рр 
h=1 


.373 | .277 


h= 


7 8 


.475 | .379 


h 
2 \ = 
7 .004 | .001 
8 
9 


10 


TABLE І. TABLE E%.o AND THE CORRESPONDING VALUES OF Рүү (continued) 
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h=3 
A | Exo 
Lee) әр 3 4 5 б 7 8 

2 | .993 | .977 | .961 | .939 | .911 709 | .612 | .515 | . 
4 | .920 | :959 | :907 | `818 | ‘695 100 | 026 | :008 | ‘oot 
6 | :830 | .943 | `850 | .691 | 486 1006 

т | 784 | `936 | :825 | :636 | :408 1002 

8 | .740 | `929 | `803 | ‘590 | 1347 

9 | :700 | :923 | .783 | .550 | :299 

10 | ‘663 | ‘918 | .765 | 1517 | 1261 

11 | 1629 | :913 | :749 | ‘487 | :231 

12 | :508 | ‘909 | :735 | :463 | `206 

18 | :570 | :906 | .723 | :441 | ‘186 

14 | 1544 | :902 | ‘711 | 422 | :170 

15 | .520 | `809 | :701 | :406 | .156 

16 | :498 | :896 | :692 | :391 | :145 

17 | 1478 | .893 | :683 | :378 | 1135 

18 | 1450 | .801 | :676 | .367 | :126 

19 | 1442 | :889 | .669 | .356 | ‘119 

20 | 420 | 887 | ‘662 | :347 | .112 

22 | :396 | :883 | ‘651 | :331 | .102 

24 | ‘371 | ‘80 | :641 | :318 | .094 

26 | :349 | .877 | .633 | .307 | .087 

28 | :329 | .875 | .025 | .297 | .081 

30 | 311 | :872 | 619 | .289 | .077 

80 | .171 | .850 | .571 | .233 | .050 

© 1836 | 519 | .182 | .030 

Ae 

fe ыы ЕЕ ЕЗ ЖЕ ЕЛ 4 5 6 7 8 
2 978 | .062 | .942 | .915 | .884 | .810 | .724 | .631 | .536 | .444 
4 1960 | :909 | 1822 | 700 | :557 | .280 | .102 | :027 | 005 | .001 
6 1043 | :849 | 685 | :475 | .277 | .053 | .005 

7 ‘936 | 821 | .624 | :389 | :191 | .018 

8 7928 | :796 | .571 | :322 | .136 | .010 

9 1922 | :773 | -526 | .209 | .098 | .003 

10 1016 | :752 | 487 | :227 | .073 | .002 

11 ‘out | :733 | :453 | -195 | .055 | „001 

12 :906 | |716 | .424 | :169 | .042 | .0 

13 1901 | .700 | .398 | .148 | .034 

14 1897 | 1687 | .376 | .131 | .028 

15 1893 | :674 | (357 | .117 | .022 

16 7890 | :662 | :340 | .106 | .018 

17 7880 | 652 | :325 | :096 | -015 

18 1883 | 2642 | 312 | .088 | .013 

19 1880 | `633 | :301 | .081 | Oli 

20 1878 | 625 | :290 | ‘075 | .01 

22 1873 | [611 | .272 | .066 | .008 

24 ‘869 | :598 | :257 | .059 | .006 

26 1805 | 588 | :244 | .053 | .005 

28 1862 | ‘578 | :234 | .048 | -005 

30 1800 | 1570 | 225 | -044 | -004 

60 7837 | 1509 | .165 | .024 |. 

© ‘gio | :443 | 1115] -011 
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TABLE I. TABLE OF Ел AND THE CORRESPONDING VALUES OF Ру (continued) 


EG 


.642 
.027 


6 


.650 
.027 


.549 


f 


.558 
.005 


8 


468 
.001 
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TABLE I. TABLE OF Ё%. AND THE CORRESPONDING VALUES OF Py (continued) 
her 


A | Esa Ф 
1 1.5 2 2.5 3 4 5 6 7 8 

2 | .997 | .979 | .965 | .946 .821 | 743 | .655 | .504 | .475 

$ | 3900 | oss | ЧЕ гава | AOE | ЖАГ шю ко 

7 875 .935 812 598 .009 

8 844 .926 779 532 .005 

9 814 | .918 749 474 .002 

10 785 910 720 423 .001 

11 | `757 | 1903 | :694 | 1379 * 

12 .730 | .896 670 342 

13 705 889 648 310 

14 681 883 627 283 

15 659 .878 608 259 

16 638 .872 | .591 238 

17 .618 .868 575 220 

18 599 .863 561 205 

19 581 .859 | .548 191 А 

20 564 .854 | .535 179 

22 533 .847 | .513 159 

24 505 | .840 | .494 | .143 

20 479 .834 | .477 130 

28 .456 | .829 | .463 119 

30 435 | .824 | .450 110 

60 .256 | .783 | .355 056 

© 729 | .256 024 

Á 8 
" Ф 

h ш 1 1.5 2 2.5 3 4 5 6 Ez 8 
А .965 | .946 | .923 | .894 | .826 | .746 | .659 | .569 | .481 

2 | 907 | 902 | 912 | 1826 | .705 | :562 | ‘284 | ‘104 | :027 | 005 | .001 

6 | 2915 | 944 | .S41 | .008 | .447 | 1246 | .039 | .003 

$ | 87 | 934 | .809 | 2592 | :343 | 1151 
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4-1 


TABLE II. TABLE or Е?0.05 AND THE CORESPONDING VALUES OF Р 


Ea a rara 


.028 | .008 


-064 


024 


.008 
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TABLE II. TABLE ОЕ E*. AND THE CORRESPONDING VALUES OF Pyy (continued) 
Л =з 


Ф 
j 25| 3 4 5 6 7 8 
2 .624 .519 .324 .177 | .084 .035 | .013 
4 1278 | 1139 | 020 | ‘001 
AE d 
7 к 1028 
8 1084 | 018 
9 1008 | 013 
g Е 
11 а : 
12 1083 | :006 
13 .03: .005 
14 1035 | .004 
15 1032 | :004 
16 1029 | .003 
17 Au -003 
18 .025 | .002 
19 102 | .00 
22 “030 | 2002 
24 1019 | :001 
26 .017 | .001 
28 {016 | :001 
30 1015 | 1001 
80 :00 1001 
© s 
EE! 
Ф 
га 25| 3 4 5 6 7 8 
7040 | .537 | .345 | .195 | .097 | .043 | .017 
2 279 | 1139 | 1020 | ‘001 
$ 128 | 038 | -001 
1092 | `0 
; VES 
054 | 4 
9 043 | .000 
10 035 | .004 
n 030 | .003 
3025 | 002 
13 022 | .002 
14 019 | .002 
15 017 | .001 
16 016 | .001 
17 014 | .001 
18 013 | .001 
20 “O10 | 001 
5 eg | 
‘o 
26 -008 
28 1007 
30 1004 
0 .002 
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TABLE II. TABLE оғ E%.o AND THE CORRESPONDING VALUES OF Рут (continued) 
Л = 5 


Ф 
$ г |[A£|z]|ss] s 4 5 6 7 8 
2 894 | .828 -649 | .549 | .359 | .207 | .106 | .048 | .019 
4 835 | 675 -280 | .138 | 1020 | 1001 
6 790 | 1561 119 | 2033 | ‘001 
7 772 | 1510 :082 | 018 
8 750 | .483 .059 | .010 
9 743 | 1454 1014 | :006 
10 731 | 1429 1033 | 1004 
11 720 | `408 1026 | :002 
12 711 | :390 1021 | 002 
13 703 | 1374 1017 | ‘001 
14 695 | :360 1015 | :001 
15 689 | :348 1012 | :001 
16 683 | 1338 1011 | 001 
17 078 | :328 ‘009 
18 673 | 320 1008 
19 668 | 312 1007 
20 664 | :305 1007 
22 656 | 1204 1006 
24 650 | .284 1005 
26 644 | 1275 1004 
28 0 | .268 1004 
30 635 | 1262 1003 
60 04 | .219 .001 
© 567 | 1177 :001 
1-6 
h | Esa | ———__ —— $ 
a en аршы 
15| 2 |25| a 4 5 в 7 8 
2 | 983 | .895 | .831 | .749 | 656 | 557 | azz ы | 
4 | .902| :83 * ‘280 | `957 | -368 | .216 | .112 | .052 | .022 
$ | ‘su Fee | IT | -473 | :280 “438 | 1019 | “001 
8 
9 
10 
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TABLE П. TABLE оғ Е. AND THE CORRESPONDING VALUES OF Py (continued) 


h=7 


CATALOG OF DOVER BOOKS 


BOOKS EXPLAINING SCIENCE AND MATHEMATICS 


ii i James Newman, 
T SCIENCES, W. K. Clifford. Introduction by es N d 
ТЕР ЗСОИМОН SENSE OF THE БАР years this паз Been ее р. classical. залило. ot 
i і | эб үс rti figures, 
mathematical thought. Explains „with ма кк Жр: s 
meaning of symbols, characteristics o асе dais operes of. Diane те 
i ethod of determining position, etc. Long р 
аот папана тет Corrected, 130 diagrams redrawn. 249pp. 5% 8. 


T61 Paperbound $1.60 


i odi is i idged reissue 
D MAN, Erwin Schrüdinger. This is a complete and unabri 

of SCIENCE AND THE HUMAN TEMPERAMENT Plus an additional essay: “What is an Elementary 
Particle ^ Nobel Laureate Schrodinger discusses Such topics as nature of scienti А ПЧ Tol 
the nature of science, chance and determinism, science and Society, conceptual no тау 
hysical entities, elementary particles and wave mechanics. Presentation is popular aration 
De" followed by most people with little or no scientific training. "Fine practical Liat ing 
for a time when laws of nature, human institutions . . . are ачк а сгїїса! е: 
tion without parallel," Waldemar Kaempffert, М. Y. TIMES. 192pp. SMS: Paperbound $1.35 


n posters authoritative, уе} elemen 
scientific theories. uals—Copernicus, Ü H 
Galileo, RUE Newton, Laplace, , and other Sclentists- the autho 
presents their discoveries in histe graphical material on each тап and 
full, specific explanations of their achiev The clear and complete treatment index. 
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120 illustrations. xv 404рр. 5% x 


, tein's 
HE EVOLUTION OF SCIENTIFIC THOUGHT FROM NEWTON To EINSTEIN, A. d'Abro. Einstein’ 
Special and general theories of yyith their historical implications, are analyzed m 
non-technical terms. Excellent accounts of the contributions of Newton, Riemann, tim 
Planck, Eddington, Maxwell, Lorentz and others are treated in terms of space and РТЫ 
equations of electromagnetics, finiteness of tne Universe, methodology of science. 21 
grams. 482pp. 5% x 8. 


T2 Paperound $2.00 


THE RISE OF THE NEW PHYSICS, A. 
THE DECLINE OF MECHANISM, for readers not versed i 
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n ical 
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The remainder is devoted t i erage of both classical and quantum 
physics, explaining Such topics as analytic mechanics, Hamilton's Principle, wave theory © 
light, electromagnetic wav s of transformations, lhermodynamics, phase rule, Brownian 
movement, kinetics, special relativity, Planck's original quantum theory, Bohr's atom, 
Zeeman effect, Brogli mechanics, Heisenberg's unci г 
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Maxwell, Pauli, Rayleigh, Volterra, Weyl, Young, more than 180 an te im, Kepler, illustra: 
tions. ix + 982pp. 5% 'x 8, 13 Volume 1, Paperbound $200 

T4 Volume 2, Paperbound $2.0 
CONCERNING THE МАТОВЕ OF THINGS, Sir William Bragg. Christmas lectures delivered at 
the Royal Society by Nobel laureate. Why a spinning Бай {тад d track; how 
uranium is transmuted to lead, etc. Partial co ез in à curve Д 
etc. No scientific backgro, 


ntents: atoms liqui tals, metals, 
und М 4 Bases, liquids, crystals, 
figures. xii + 232рр. 536 х g ^ ded; Wonderful for intelligent child. 32pp. of photos, 5 


T31 Paperbound $1.3 
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H YOURSELF books. For adult self-study, for refresher and supplementary study. 
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st effective series of home study mathematics books oi 
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e problems 


| classroom texts, these 204- 
"| find anywhere for adult 


coordinates, factors, graphs of quadratic 
irrational numbers, arithmetical, geomet- 


Tables. 52 illus. 307pp. 6% X 4M. 
Clothbound $2.00 


TE, 

АНИНЕ ALGEBRA, P. Abbott. Formulas, 

rical serie: quadratic equations, logarithms, rati 
s, much more. 1241 problems, solutions. 


lines, points, surfaces, angle measurement, 
le, tangents, symmetry, solid geometry, 
solutions. 268 illus. 334pp. 

Clothbound $2.00 


TEAI 
TEACH YOURSELF GEOMETRY, P. Abbott solids, 
prisms, p еогет of Pythagoras, polygons, loci, the circ! 
6% пзу, шш solids of revolution, etc. 343 problems, 
TEAC 
КАН? TRIGONOMETRY, P. Abbott. Ge foundations, indices, logarithms, 
ratios of rical ratios, relations between sides, angles of triangle, circular measure, trig. 
465 probl angles of any magnitude, much more. Requires elementary algebra, geometry. 
ems, solutions. Tables. 102 illus. 204pp. 678 x 4М. Clothbound $2.00 
ctions, differentiation, solids 


TE 
ACH YOURSELF THE CALCULUS, P. Abbott. Variations in S" 
equations, areas by integral calculus, much more. 
89 illus. 380pp. 678 X AM. 


of revoluti " 
Requires Tum series, elementary differential 
lgebra, t solutions. Tables. 

, trigonometry. 970 problems, solu ОР wound $2.00 
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TEACH YOURSELF THE SLIDE RULE, B. snodgrass. Fractions, decimals, A-D scales, log-log 

istic. | trigonometrical scales, indices, logarithms. Commercial, precision, electrical, dual- 

, Brighton rules. 80 problems, solutions. 10 illus. 207рр. 6% X Aa.  Clothbound $2.00 
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ЕРЕ ЛЕР " уду Paperbound $1.50 
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ms with answers. pibliography. 12 Appendices. 
ARITHMETICAL EXCURSIONS: AN ENRICHMENT OF ELEMENTARY, MATHEMAT Tos 1. cool; for 
EN ores For students who want ипие methods, ef алип facts Spout the most зітре 
o ii j mber d 

numbers, o want to increase Aments and Tusiles, figurate number. number plication. Index. 
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numbered. problems and diversions, Dj with answers. "Yq Paperbound $1 65 
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APPLIED 

MATHEMATICS FOR RADIO AND © J 
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HIGHER MATHEMATICS FOR STUDENTS OF CHEMISTRY AND PHYSICS, J. W. Mellor. Not abstract, 
but practical, building its problems out of familiar laboratory material, this covers differential 
calculus, coordinate, analytical geometry, functions, integral calculus, infinite series, 
numerical equations, differential equations, Fourier's theorem, probability, theory of errors, 
calculus of variations, determinants. "If the reader is not familiar with this book, it will 
repay him to examine it," CHEM. & ENGINEERING NEWS. 800 problems. 189 figures. Bibliog- 
Та de БИр LE S193 Paperbound $2.28 


TRIGONOMETRY REFRESHER FOR TECHNICAL MEN, A. Albert Klaf. 913 detailed questions and 
answers cover the most important aspects of plane and spherical trigonometry. They will help 
you to brush up or to clear up difficulties in special areas. The first portion of this book 
covers plane trigonometry, including angles, quadrants, trigonometrical functions, graphical 
representation interpolation, equations, logarithms, solution of triangle, use of the slide 
rule and similar topics: 188 pages then discuss application of plane trigonometry to special 
problems in navigation, surveying, elasticity, architecture, and various fields of engineering. 
Small angles, periodic functions, vectors, polar coordinates, de Moivre’s theorem are fully 
examined. The third section of the book then discusses spherical trigonometry and the 
solution of spherical triangles, with their applications to terrestrial and astronomical prob- 
lems. Methods of saving time with numerical calculations, simplification of principal func- 
tions at jangle, meh practical. Information make this а most useful book. 913 questions an- 
swered. problems, an: 0 odd numbers. 494 fi lae, 
functions. Index. x + 629pp. 5% x 8. gures. 24 pages of useful formu 


T371 Paperbound $2.00 
CALCULUS REFRESHER FOR TECHNICAL MEN, A. Albert Klaf, i i i lish 
as a refresher for engineers, technicians, students who «ия Башк S unione: [n Ела! 
calculus or to clear up uncertainties. It is not an ordinary text, but an examination of 
most important aspects of integral and differential calculus in terms of the 756 questions 
most likely to occur to the technical reader. The first part of this book covers simple differ- 
ential calculus, with constants, variables, functions, increments, derivatives differentiation, 
logarithms, curvature of Curves, and „Similar topics, The second part covers fundamental 
ideas of integration, inspection, substitution, transformation, reduction, areas and volumes, 
mean value, puccessite que partial integration, double and triple [АИ an ree 
aspects are stressed rati er jthan theoretical. A 's0-page section illustrates the application 
2 calculus (о y dnd BORSE of Civil and nautical engineering, electricity, stress ani 
Etre pi CDU] ашар egens, and Similar fields.—756 questions answered. 566 
Index. v't 431p. 5% 0 d. of useful constants, formulae for ready reference. 


T370 Paperbound $2.00 
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751 Vol 11 Paperbound $2.35 
The set $4.70 


i a; comprehensive. Es, text that gives a systematic and deductive 
commutat ‚ connected, : 
wit undetermined costing, istriBulve owe. of number i iy theo Pd goes on 
i Д Progressions, logarithms, tations, 
on the science much more. Still Те оЕагіїһтѕ, permu 
ка, Ce and structure of algebra. Index, 1560 prose? aifementary intermediate, text 


р. 
.00 
THE CONTINUUM AND OTHER TYPES OF SEI 1211 Paperbound $2. 
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5. 2nd e on. = 
$129 Clothbound $2.75 
A TREATISE ON PLANE AND ADVANI жарыкша 

coverage, goin, CED TRIGONO т 
V dull delati nd a great nese level KCN one of М. fabson, Extraordinary wide 

wi ji n Covering a! 
i ic ncludes Wnerring anticipati i tion 
angle; trig tables; relations petween side tr unetons expansion of in о, arif ciple 
D Я . “The riangle; ; etc. 
"A Treatise on Plane Trigonometry.” баў мож оп the subject Nature. Formerly entitled 
У - Xvi + 383pp. 


. 5% X B. 
$353 Paperbound $1.95 


FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY, Felix Klein. Expanded version of the 1894 
Easter lectures at Göttingen. 3 problems of classical geometry, in an excellent mathematical 
treatment by a famous mathematician: squaring the circle, trisecting angle, doubling cube. 
Considered with full modern implications: transcendental numbers, pi, etc. Notes by R. Archi- 
bald. 16 figures. xi + 92pp. 538 x 8. T348 Clothbound $1.50 

T298 Paperbound $1.00 
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ELEMENTARY MATHEMATICS FROM AN ADVANCED STANDPOINT, Felix Klein. 


This classic text is an outgrowth of Klein's famous integration and survey course at Göttingen. 
Using one field of mathematics to interpret, adjust, illuminate another, it covers basic 
topics in each area, illustrating its discussion with extensive analysis. It is especially 
valuable in considering areas of modern mathematics. “Makes the reader feel the inspiration 
of... a great mathematician, inspiring teacher . . . with deep insight into the founda- 
tions and interrelations,’ BULLETIN, AMERICAN MATHEMATICAL SOCIETY. 


Vol. 1. ARITHMETIC, ALGEBRA, ANALYSIS. Introducing the concept of function immediately, 
it enlivens abstract discussion with graphical and geometrically perceptual methods. Partial 
contents: natural numbers, extension of the notion of number, special properties, complex 
numbers. Real equations with real unknowns, complex quantities. Logarithmic, exponential 
functions, goniometric functions, infinitesimal calculus. Transcendence of e and pi, theory 
of assemblages. Index. 125 figures. ix + 274pp . 5% x 8. $150 Paperbound $1.75 


Vol. 2. GEOMETRY. A comprehensive view which accompanies the space perception inherent 
in geometry with analytic formulas which facilitate precise formulation. Partial contents: 
Simplest geometric manifolds: line segment, Grassmann determinant rinciples, classification 
of configurations of space, derivative manifolds. Geometric transformations: affine transforma- 
tions, projective, higher point transformations, theory of the imaginary. Systematic discussion 


i . Indexes. 141 illustrations. ix + 214pp. 536 x 8. 
of geometry and its foundations. Ind Boe е nd $1.75 
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ү, 1. P. Eisenhart. Thorough, unified introduction. Unusual for ad- 
Poder within each topic (treats together circle, sphere; polar coordinates, 
3-dimensional coordinate systems; conic sections, quadric surfaces), affording exceptional 
insight into subject. Extensive use made of determinants, though no previous knowledge 
of them is assumed. Algebraic equations of Ist degree, 2 and 3 unknowns, carried further 
than usual in algebra courses. Over 500 exercises. Introduction. АШрОПА Index. Bibliog- 


raphy. 43 illustrations. 310pp. 5% x B 600 Paperbound $1.65 


OF MODERN MATHEMATICS, edited by J. W. A. Young. Advanced 
MONOGRAPHS Он aries who haven't gone beyond or fete Tae it 
ion of geometry, modern pur! netry, - 7 
P monographs on fons of algebra, algebraic equations, functions, calculus, theory of num- 


i Its, and descriptions of leading 
bers, etc. Each monograph gives proofs of important resu e Tare RE 
methods, to provide wide coverage. New introduction by Prof. M. Ше КО tp] 


100 diagrams. xvi + 416pp. був X 9м. 


MATHEMATICS, INTERMEDIATE TO ADVANCED 


Geometry Y! 
AN GEOMETRY, H. G. Forder. The first rigorous account 0! 
EU. ND Camere propositions without recourse to emp et and tor 
multi siyin REO tases Corrects many traditional weaknesses of uci ies Pp рое, and 
inv pone Hes blems imposed on the axiom system by the saver DUET 
Lobatchefsk А $ e topics discussed are Classes and Relations; Axiome e Magnitude 
тсе ai Sa Agra Puts, Meese fr tha ent tor t 
of Parallels; Reflections; Rotations; | etc. ble done. 205bp. 53 X B. 
foundations of math. Lists: Axioms employed, Symbols, Constr SAT Paperbound $2.00 


the stan 
AD' OMETRY, R. А. Johnson. For years ў ‘explores in unusual 
VANCEDLEUCLIDEANIET у high school geometry and DE forollaries, many 


fermer dle on n widely scattered Jour d Brocard configuration, and much 
i i | triangle i ^ 8. 
Miquel, symmedian point, pedal trame 107 diagrams. xiii + 319pP. 5% 3 bound $1.65 


THE THIRTEEN BOOKS OF EUCLID'S ELEMENTS, edited by Sir Thomas Heath. Definitive edition 
of one of the very greatest classics of Western world. Complete English translation of 
Heiberg text, together with spurious Book XIV. Detailed 150-page introduction discussing 
aspects of Greek and Medieval mathematics. Euclid, texts, commentators, etc. Paralleling 
the text is an elaborate critical apparatus analyzing each definition, proposition, postulate, 
covering textual matters, mathematical analysis, commentators of all times, refutations, sup- 
ports, extrapolations, etc. This is the FULL EUCLID, Unabridged reproduction of Cambridge U. 
2nd edition. 3 volumes. Total of 995 figures, 1426pp. 538 8. 


x 8. 
588,89,90, 3 volume set, paperbound $6.00 


Ret fe ARS, Bereit soe oF stet t ME 
l. сі ach; ENTARY GEOMETRY, F. Klein; MONOI 
TOPICS OF MODERN MATHEMATICS, ed. by J. W. Young. ' S 


Calculus and function theory, Fourier theory, real and complex functions, 
determinants 


by R. Bellman. 13 classic papers, 
Par dy, an Littlewood, Tehebychef,, Гер 
Esch of QUIA papers, collecte here for the first time, triggered a Borst or mathematical 
act d d ma EL new generalizations or stimulating fresh investigations. Topics dis- 
theory, integral equations "Thea пр and almost periodic functions, шнш and number 
functional analysis. Brief introductions and х тайоп, non-linear ЫЛЫК M 
$730 Paperbound $2.00 
MATHEMA’ 
Advanced 1С5 ОР MODERN ENGIN Keller and В. Е. Doherty, Written for the 
ing use of determinants, бешер. the General Electric Corporation, deals with the engineer- 
at ҮШ, 5 e operational calculus, dyadics, the calculus 
eal wi i ineers 
of setup and soe neering problems, and emphasis’ is on he. perenni еллери attack 
and worked-out examples. References, Twi undreds of exercises, problems, 
of xxxiii + 623pp. 536 x 8. 5 
5734 Vol Г Paperbound $1.65 
5735 Vol 11 Paperbound $1.6 


The set $3.30 
MATHEMATICAL METHODS 


vob. P. Smith. For scientists and 
Part hae of methods and practical 

T sed. jons, 
analysis, series of Bessel оше, s, ete, Geometry, theory of residues Vector and tensor 
examples, mostly from с literature ee method illustrated bj ronen oyana tenut 
X + 453рр, 5% x 8% erature. 368 graded unsolved problems. 100 diagrams. 
S220 Paperbound $2.00 


Simple and practical form, covering 
ful табо ех Plane, residue theorems, e 
hy. 108 figures, x + eop. gpl. with full discussio 
ADVANCED CALCULUS, E. B. wi, 8733 Paperbound $1.35 
Ы j,E B. Wilson. An unabri 
А p ELS Welt most comprehensive and useful texts ii NH имен сое 
Wiehone, ordinary, differential “equations Gamer terial, including chapters or vector 
which are excellent introductions io these SPecial functions’ E chapters о 


e 9 oth "pure m ents with only one year of cal- 
eference' ahd’ теоре “ih Aug park 
- Index. ix +'566pp, 536 x 


8. 
S504 Paperbound $2.45 


CALCULUS OF VARIATIONS, A. R. Forsyth. Methods, solutions, rather than determination of 
weakest valid hypotheses. Over 150 examples completely worked-out show use of Euler, 
Legendre, Jacoby, Weierstrass tests for maxima, minima. Integrals with one original de- 
pendent variable; with derivatives of 2nd order; two dependent variables, one independent 
variable; double integrals involving 1 dependent variable, 2 first derivatives; double integrals 
involving partial derivatives of 2nd order; triple integrals; much more. 50 diagrams. 678pp. 
Эз x 838. $622 Paperbound $2.95 


LECTURES ON THE CALCULUS OF VARIATIONS, 0. Bolza. Analyzes in detail the fundamental 
concepts of the calculus of variations, as developed from Euler to Hilbert, with sharp formu- 
lations of the problems and rigorous demonstrations of their solutions. More than a score 
of solved examples; systematic references for each theorem. Covers the necessary and suffi- 
cient conditions; the contributions made by Euler, Du Bois Reymond, Hilbert, Weierstrass, 
Legendre, Jacobi, Erdmann, Kneser, and Gauss; and much more. Index. Bibliography. xi + 
271рр. 536 x 8. $218 Paperbound $ 


A TREATISE ON THE CALCULUS OF FINITE DIFFERENCES, G. Boole. A classic in the literature 
of the calculus. Thorough, clear discussion of basic principles, theorems, methods. Covers 
MacLaurin's and Herschel's theorems, mechanical quadrature, factorials, periodical constants, 
Bernoulli's numbers, difference-equations (linear, mixed, and partial), etc. Stresses anal- 
ogies with differential calculus. 236 problems, answers to the numerical ones. viii + 336pp. 
538 x 8. $695 Paperbound $1.85 


THE ANALYTICAL THEORY OF HEAT, Joseph Fourier. This book, which revolutionized mathe- 
matical physics, is listed in the Great Books program, and many other listings of great 
books. It has been used with profit by generations of mathematicians and physicists who are 
Interested in either heat or in the application of the Fourier integral. Covers cause and 
reflection of rays of heat, radiant heating, heating of closed spaces, use of trigonometric 
series in the theory of heat, Fourier integral, etc. Translated by Alexander Freeman. 20 
figures. xxil + 466pp. 5% x 8. $93 Paperbound $2.00 


AN INTRODUCTION TO FOURIER METHODS AND THE LAPLACE TRANSFORMATION, Philip Franklin, 
Concentrates upon essentials, enabling the reader with only a working knowledge of calculus 
to gain an understanding of Fourier methods in a broad sense, suitable for most applica- 
tions. This work covers complex qualities with methods of computing elementary functions 
for complex values of the argument and finding approximations by the use of charts; 
Fourier series and integrals with half-range and complex Fourier series; harmonic analysis; 
Fourier and Laplace transformations, etc.; partial differential equations with applications to 
transmission of electricity; etc. The methods developed are related to physical problems of 
heat flow, vibrations, electrical transmission, ET Faden. LO QUU 
i i А i s." Biblii . Я . . 
with answers. Formerly entitled ‘Fourier Metho graphy. 452. Paperbound $1.75 


AL AND CERTAIN OF ITS APPLICATIONS, Norbert Wiener. The only book- 


ier integral as link between pure and applied math. An expansion 
iet study ор het Cambridge." Partial contents: Plancherel's heorem, general Tauberin 
theorem, special Tauberian theorems, generalized harmonic апа ysis.. Bi ography ee 


201рр. 536 x 8. 
INTEGRALS, H. S. Carslaw. 3rd 
INTRODUCTION TO THE THEORY OF FOURIER'S SERIES AN аца, аа. ро ЭЦ 


THE FOURIER INTEGR 


le variable, u 
Similar fonctions of Aires discuss practical harmonic analysis, periodogram analysis. Lebesgues 
theory. Indexes. 84 examples, 
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CREME S SERIES AND SPHERICAL Mano оле, ates: and their differential equations 


are отон ee in great detail; theory is applied constantly o practical problems 
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monics, "hyperbolic: functions, Bessel’s functions. Bibliography. 190 problems. арго БЕН 
half with answers. ix + 287рр. 536 х 8. 
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| equations. Bibliography о! d Said. 3145 


ASYMPTOTIC EXPANSIONS, A. Erdély 

Unabridged reproduction of a monograp 

cusses varlous procedures for asymptotic. 
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x B. 


f general theory, with some 
Г „ V. Lovitt. Systematic survey 0 ome: 
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artial contents: integral equation or Атына, applications of the Fredholm theory, Hilbert- 
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IONS, Vito 
ALS AND OF INTEGRAL AND INTEGRO-DIFFERENTIAL EQUAT! D 
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faced on ihe authors fundamental sellos оп the yess, Sel of values of another function, 
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AN ELEMENTARY TREATISE ON ELLIPTIC FUNCTIONS, A. Cayley. Still the fullest and clearest 
text on the theories of Jacobi and Le 


il for 
TIONS OF ELLIPTIC FUNCTIONS, A. G. Greenhill. Modern books forgo detail , 

THES MEAT iri book offers complete exposition necessary for proper understanding, 
use of elliptic integrals. Formulas developed from definite Physical, geometric problemer 
examples representative enough to offer basic information in widely useable form. EPA 
integrals, addition theorem, algebraical form of addition theorem, elliptic integrals of РЕЯ 
3rd kind, double periodicity, resolution into factors, series, transformation, etc. Introduction. 
Index, 25 illus. xi + 357pp. 5% x 8. 


$603 Paperbound $1.75 
THE THEORY OF FUNCTIONS OF REAL VARIABLES, James Pierpont. A 2-volume authoritative 
exposition, by one of the foremost mathematicians of his time. Each theorem stated wi M 
all conditions, then followed by Proof. No need to go through complicated reasoning to d ч 
cover conditions added without specific mention. Includes a particularly complete, rigorou 
resentation of theory of measure; and Plerpont's own work on a theory of Lebesgue 
Inte rals, and treatment of area of a curved suri : 
mumbers, exponentials, logarithms, point aggregates, maxima, minima, proper integrals, 
improper integrals, multiple Proper integrals, Continuity, dis, 
Vol. 2: point sets, proper integrals, Series, 
discontinuous functions, Sub-, infra-ui 


Power series, aggregates, ordinal numbers, 
1229pp. 5% x 8. 


niform convergence, 
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of the theory of sets of Points. 3rd revised edition, Vir 4e 7 pes, of Pd x d 5 
$171 Clothbound 825 

$172 Paperbound $1- 
TRANSCENDENTAL AND ALGEBRAIC NUMBERS, A. 0. бен, i ion of work 
by maenig, Soviet mathematician, Thue-Siegel theorem, ПЕРУДА ка translation ation 
RB ТЕПЕ һу Numbers in fixed algebraic field; Hermite-Lindemann theorem on 
theorem on anscendeney "ef ona glutine of beta, Фетела equations; Gelfond-schnelder 
ower beta; ^ " elli nc d 
РУЛЫ developed by Gerfond. тоъ Ронет Bet LSE Boran ark on elliptic fu 200pp; 
S615 Paperbound $1.7 
Thony wih AIMA AND MINIMA, H. Hancock, Fullest treatment ever written; only work in 
roblems with Subsidi: Scussion of maxima and minima for functions of 1, 2, or n variables, 
Important theo Covers QR Тав, and relevant Ruadratic forms. Detailed proof of eac 
forms, reversion of series, i Scheeffer and von Pantscher theories, homogeneous quadratic 
treatise for advanced Students of us establishment gr <maxima and minima, ete, ШОУ 
24 diagrams, 39 problems, many examples: 1939p eat car Coonomists, statisticians., Indeg 
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i 
x8 S665 Paperbound $1.50 
А RMAL REPRE: 
Solved in this unique book developed АТОН, н. Koh 
& their transformations for electrical engii TER) 
Schwartz-Christoffel transformations for hyde ics, tj i Contents 
classified according to analytical functions describing ' t; msucendental functions. 


wW 
curves of most transformations wi Transformation. Twin diagrams sho 
diagrams. 244pp. 6% x 914. ith сот a7 


S160 Paperbound $2.00 


THE TAYLOR SERIES, AN INTRODUCTION TO THE THEORY OF FUNCTIONS OF A COMPLI 
VARIABLE, P. Dienes. This book investigates the entire realm of analytic functions. ny 
ordinary calculus is needed, except in the last two chapters. Starting with an introduction 
to real variables and complex algebra, the properties of infinite series, elementary func- 
tions, complex differentiation and integration are carefully derived. Also biuniform mapping, 
a thorough two part discussion of representation and singularities of analytic functions 
Overconvergence and gap theorems, divergent series, Taylor series- on its circle of con- 
vergence, divergence and singularities, etc. Unabridged, corrected reissue of first edition. 
Preface and index. 186 examples, many fully worked out. 67 figures. xii + 555рр. 535 x 8. 
$391 Paperbound $2.75 


INTRODUCTION TO BESSEL FUNCTIONS, Frank Bowman. A rigorous self-contained exposition 
providing all necessary material during the development, which requires only some knowl- 
edge of calculus and acquaintance with differential equations. A balanced presentation 
inciuding applications and practical use. Discusses Bessel Functions of Zero Order, of Any 
Real Order; Modified Bessel Functions of Zero Order; Definite Integrals; Asymptotic Expan- 
sions; Bessel's Solution to Kepler's Problem; Circular Membranes; much тоге. ‘Clear and 


straightforward . . . useful not only to students of physics and engineering, but to the- 
matical students general," Nature. 226 problems. Short tables of Bessel functions. 27 
figures. Index. x + 135pp. 536 x B. S462 Paperbound $1.35 


MODERN THEORIES OF INTEGRATION, H. Kestelman. Connected and concrete coverage, with 
fully-worked-out proofs for every step. Ranges from elementary definitions through theory 
of aggregates, sets of points, Riemann and Lebesgue integration, and much more. This new 
revised and enlarged edition contains a new chapter on Riemann-Stieltjes integration, as well 
as a supplementary section of 186 exercises. Ideal for the mathematician, student, teacher, 


or self-studier. Index of Definitions and Symbols. General Index. Bibliography. х + 310pp. 
558 x 838. $572 Paperbound $2.00 


A TREATISE ON THE THEORY OF DETERMINANTS, T. Muir. Unequalled as an exhaustive compila- 
tion of nearly all the known facts about determinants up to the early 1930's. Covers notation 
and general properties, row and column transformation, symmetry, compound determinants, 
adjugates, rectangular arrays and matrices, linear dependence, gradients, Jacobians, Hessians, 
Wronskians, and much more. Invaluable for libraries of industrial and research organizations 
as well as for student, teacher, and mathematician; very useful in the field of computing 
machines. Revised and enlarged by W. H. Metzler. Index. 485 problems and scores of numeri- 
cal examples. iv + 766pp. 536 x 8. $670 Paperbound $2.95 


THEORY OF DETERMINANTS IN THE HISTORICAL ORDER OF DEVELOPMENT, Sir Thomas Muir. 
Unabridged reprinting of this complete study of 1,859 papers on determinant theory written 
between 1693 and 1900. Most important and original sections reproduced, valuable com- 
mentary on each. No other work is necessary for determinant research: all types are covered— 
each subdivision of the theory treated separately; all papers dealing with each type are 

out and how important its contribution is. 


covered; you are told exactly what each paper is або! d 1 ant. 
Each result, theory, extension, or modification is assigned its own identifying numeral so that 
the full history may be more easily followed. Includes papers, on determinants in general, 


determinants and linear equations, symmetric determinants, alternants, recurrents, determi- 
nants having invariant factors, and all other major types. "A model of what such histories 


ough р. RE. ‘Mathematicians must ever be gra f mo 
PRI wera NATERICAN MATH MONTHLY. Four volumes bound as two. Indices. Bibliog- 
raphies. Total of Ixxxiv + 1977pp. 5% x 8. 5672-3 The set, Clothbound $10.00 


A cou EMATICAL ANALYSIS, Edouard Goursat. Trans. by E. R. Hedrick, 0. Dunkel. 
eben MATH damental materia treated. Exceptionally lucid exposition of 
wide range of subject matter for student with 1 year of calculus. Vol. 1: Derivatives and 
Differentials, Definite Integrals, Expansion in Series, Applications to Geometry. Problems. 
Index. 52 illus. 556pp. Vol. 2, Part |: Functions of a Complex Variable, Conformal Repre- 
Sentations, Doubly Peri Functions, Natural Boundaries, etc. Problems. Index. 38 illus. 
269pp. Vol. 2, Part 2: Differential Equations, Cauchy-Lipschitz Method, Non-linear Differential 
Equations, Simultaneous Equations, elc. Problems. Index. 308p. 5% x 


8. 
ol. 1 $554 Paperbound $2.25 
Vol. 2 part 1 S555 Paperbound $1.65 
Vol. 2 part 2 S556 Paperbound $1.65 
3 vol. set $5.00 


INF S, Konrad Knopp. First publication in any language! Excel- 
lent EE feet ary ue modern mathematics, designed te give е Suen back- 
ground to penetrate farther by himself. Sequences & sets, rea м n SORGE 
Functions of a real & complex variable. Sequences & series tation Sere verkent 
power series. Expansion of elementary functions. on oF бае, о $3.80 
BS i $153 Paperbound $1.75 


in any language on modern advanced 
опот ins, orthogonal, Fourier systems of 


toni Zygmund. Uni 
er series, proximation 


TRIGONOMETRICAL SERIES, An Ч 

evel. ХОМЕТАІСАІ Sully organized analyses of irigon iis of Fouri 
Unctions, with clear adequate descriptions of summabill Fourier ecially valuable for 
eory, conjugate series, convergence, divergence of Fourier fene - Especial pound $1.50 

Russian, Eastern European coverage. Bibliography. 329pp. 5% x 8. 


RKS OF BERNHARD RIEMANN. This important source book is the first to con- 
Poeti bd text of both 1892 Werke and the 1902 supplement, unabridged. It contains 
31 monographs, 3 complete lecture courses, 15 miscellaneous Papers, which have been В 
enormous importance in relativi'y, topology, theory of complex variables, and other anges 
of mathematics. Edited by R. Dedekind, H. Weber, M. Noether, W. Wirtinger. German to 
English introduction by Hans Lewy. 690pp. 538 x 8. $226 Paperbound $2.8: 


See also: A HISTORY OF THE CALCULUS, C. B. Boyer; CALCULUS REFRESHER FOR TECHNICAL 
MEN, A. A. Klaf; MONOGRAPHS ON TOPICS OF MODERN MATHEMATICS, ed. by J, W. A. 
Young; THE CONTINUUM AND OTHER TYPES OF SERIAL ORDER, E. V. Huntington. 


Symbolic logic 


AN INTRODUCTION TO SYMBOLIC LOGIC, d 

written on symbolic logic for the philosopher, general scientist and layman. It will be par- 
ticularly appreciated by those who have been rel 

of insufficient mathematical training. No special 


matician should have no difficulty in following the argumei t" MATHEMATICS GAZETTE. 
Revised, expanded second edition. Truth-value tables, 36®рр. "536 T ia 


$164 Paperbound $1.75 


THE ELEMENTS OF MATHEMATICAL LOGIC Paul Rosenbloom. Fi i in any 
language. This book 5 еа ог readers “о аге mature тайына ШО have по 
previous training ii mbolic logic. oes not limit i ii e rs 
на ae ning іп < ot limit itself to a single system, but cove 


s It is a development of lectures given at Li i Sweden, in 
1948. Partial contents: Logic of classes, fundamental Theorems: Bao piniVersity, Sweden of 


Propositions, logic of Propositional functions, ex ressive | i logics, 
development of mathematics within an object [апар paradoxes еб ae host cand 
Goedel, Church's theorem, and Similar topics, iv + 214рр. 536 x8. ' $227 Paperbound $1.45 


A SURVEY OF SYMBOLIC LOGIC: THE CLASS. 


of the field, compreh RA OF LOGIC, C. I. Lewis. Classic survey 
methods of procedure, and and thorough. Indicates content of major systems, alternative 


bliography. Index, viij + 352pp. 556 x 8%. 


One constructed. Applications 
numbers, ЧОП represent of axiom systems for set theory, natural numnars, е 
3 physics e А 
€ ci ie Pace-time-topology, based on Einstein), 
T0 oon axiom system for basic concerts), SA masterpiece, 
raphy. Index. xvi + 24lpp. sup ihre Grenzgebiete. Over dog exercises. 5 figures. Biblici 
d 5453 Paperbound $1. 
Clothbound $4.00 
SYMBOLIC Logic, C. 1. Lewis, сон 
ogic, this is one of the fullest treatm: 
field of symbolic icc ents of paradoxes. Д widi he entire 
to the entire volume is the gionuderable material ,ebpeared енне 


on strict limitations, existence d às especi; sections 
functions, truth value Systems "pe MS, 2-valued algebra and Варади valuable 


, m hod. 910, ] 
propositions o tri iscqurlmPlication and deductibility, general 
most valuable," TIMES, London Bibliography" саше, and similar topics. “Authoritative, 


Partial contents: derivation a attempt to apply оиы ЗАЛОО logic some hundred years 
3 M laws, sign: ii т AH 
сега, method, analysis, Aristotelian 401895, interpretations, шпн, Jud 
: . 2 Similar topics. xvi 
S28 Paperbound $2.00 


THE PRINCIPLES OF SCIENCE, A TREATISE ON LOGIC AND THE SCIENTIFIC METHOD, W. S. 
Jevons. Treating such topics as Inductive and Deductive Logic, the Theory of Number, 
Probability, and the Limits of Scientific Method, this milestone in the development of sym- 
bolic logic remains a stimulating contribution to the investigation of inferential validity in 
the natural and social sciences. It significantly advances Boole's logic, and contains a de- 
tailed introduction to the nature and methods of probability in physics, astronomy, everyday 
affairs, etc. In his introduction, Ernest Nagel of Columbia University says, "'JJevons] 
continues to be of interest as an attempt to articulate the logic of scientific inquiry." 
Index. liii + 786pp. 538 x 8. 5446 Paperbound $2.98 


Group theory, algebra, sets 


LECTURES ON THE ICOSAHEDRON AND THE SOLUTION OF EQUATIONS OF THE FIFTH DEGREE, 
Felix Klein. The solution of quintics in terms of rotation of a regular icosahedron around its 
axes of symmetry. A classic & indispensable source for those interested in higher algebra, 
geometry, crystallography. Considerable explanatory material included. 230 footnotes, mostly 
bibliographic. 2nd edition, xvi + 289pp. 538 x 8. S314 Paperbound $1.85 


LINEAR GROUPS, WITH AN EXPOSITION OF THE GALOIS FIELD THEORY, L. E. Dickson. The 
classic exposition of the theory of groups, well within the range of the graduate student. 
Part | contains the most extensive and thorough presentation of the theory of Galois Fields 
available, with a wealth of examples and theorems. Part || is a full discussion of linear 
groups of finite order. Much material in this work is based on Dickson's own contributions. 
Also includes expositions of Jordan, Lie, Abel, Betti-Mathieu, Hermite, etc. "A milestone 
in the development of modern algebra," W. Magnus, in his historical introduction to this 
edition. Index, xv + 312pp. 5% x 8. $482 Paperbound $1.95 


INTRODUCTION TO THE THEORY OF GROUPS OF FINITE ORDER, R. Carmichael. Examines funda- 
mental theorems and their application. Beginning with sets, systems, permutations, etc., it 
progresses in easy stages through important types of groups: Abelian, prime power, per- 
mutation, etc. Except 1 chapter where matrices are desirable, no higher math needed. 783 


i . Xvi 447pp. 538 x 8. $299 Clothbound $3.95 
exercises, problems. Index. xvi + рр. 5299 Paperbound $2.00 


THEORY OF GROUPS OF FINITE ORDER, W. Burnside. First published some 40 years ago, 
ths ii still M of the clearest introductory texts, Partial contents: permutations, groups 
independent of representation, composition series of a group, isomorphism of a group with 
itself, Abelian groups, prime power groups, permutation groups, invariants of groups of linear 


ituti ii i c. 45pp. of notes. Indexes. xxiv + 512pp. 536 x 8. 
substitution graphical representation, et рр. б оро е ан 


ONS OF FINITE GROUPS, G. A. Miller, Н. F. Blichfeldt, L. E. Dickson. 
THEORY ANO Аврат, authoritative work, each section prepared by a leading specialist: 
Miller on substitution and abstract groups, Blichfeldt on finite groups of linear homogeneous 
transformations, Dickson on applications of finite groups. Unlike more modern works, this gives 
the concrete basis from which abstract group theory arose. Includes Abelian groups, prime; 
power groups, isomorphisms, matrix forms of linear transformations, Sylow groups, Galois 
theory of algebraic equations, duplication of a cube, trisection of an angle, etc. 2 ingore 
267 problems. xvii + 390pp. 538 x 8. S216 Paperbound $2. 


CONT UPS OF TRANSFORMATIONS, L. P. Eisenhart. Intensive study of the theory and 
E of continuous groups of transformations; a standard work Bn the 
Subject, called forth by the revolution in physics in the 1920's. Covers tensor. analysis, 
Riemannian geometry, canonical parameters, transitivity, imprimitivity, differential invariants, 
the algebra of constants of structure, differential geometry, contact transformations, etc, 


“Li i he standard works on the subject for many years . . . principal 
роке o emain, one diy Pd concisely, and the PU gr jute Wrote te oe Un 
MATHEMATICAL GAZETTE. Index. 72-item bibliography. 185 exercises. oa пре, paa Biss 


|. Weyl. Discussions of Schroedinger's 
THE THEORY OF GROUPS AND QUANTEM MEE d n-Hoelder theorem, Lie's continuous 


Wave equation, de Broglie's wawes ora part [бат antization of Maxwell-Dirac field 


^ i ion principle, 
groups of transformations, Pauli exclusion. у groups, application of groups to quantum 


equati i juantum C D 
Mese, eee ШЕУ ее, group, algebra a ЭШЕ Transformation). еб, as 
revised edition. Bibliography. Index. xxii + 422pp. . PR) Paperbound $1.95 


i i ii lassical topics in higher 
Aug . Dickson. Best thorough introduction to с | 
ТОРЕ ДАГЫ centering around matrices, invariants, groups, Higher аА, 
alois theor: Finite linear groups, Klein's icosahedron, algebraic Invariants, n ША 
Ormations, Vlementar divisors, invariant factors; quadratic, bi-linear, emi ian rte 
wi "p pns. Proofs rigorous, Sete nS. рен deni Algebraic Theories." 
on thei mathematical appli 5 e 
155 Probes тешеп. 2 indexes. 285pp. 538 x 8. $547 Paperbound $ 


i i i kground 
B AND THEIR ARITHMETICS, L. E. Dickson. Provides the foundation and baci 

СЕ to any advanced undergraduate or graduate student studying ous tact LES 
Begins with elementary introduction to linear transformations, matrices, field o соте of 
numbers; proceeds to order, basal units, modulus, quaternions, etc.; develops cal H AD 
linear sets, describes various examples of algebras including invariant, аптетепсе, EE UT. 
semi-simple. ‘Makes the reader marvel at his genius for clear and profound ЫЫ $1.35 
Mathematical Monthly. Index. xii + 241pp. 535 x 8. S616 Paperboun Ё 


THE THEORY OF EQUATIONS WITH AN INTRODUCTION TO THE THEORY OF BINARY ALGEBRAIC 
FORMS, W. S. Burnside and A. W. Panton. Extremely thorough and concrete discussion OF in 
theory of equations, with extensive detailed treatment of many topics curtailed in later el 
Covers theory of algebraic equations, properties of polynomials, symmetric functions, corer 
functions, Horner’s process, complex numbers and the complex variable, determinants to 
methods of elimination, invariant theory (nearly 100 pages), transformations, introduction 


Galois theory, Abelian equations, and much more. Invaluable supplementary work for moger 
students and teachers. 759 examples and exercises. Index in each volume. Two volume set. 
Total of xxiv + 604pp. 538 x 8. 


5714 Vol | Paperbound $1.85 
Paperbound $1.85 
ЗП vari репе set $3.70 


COMPUTATIONAL METHODS OF LINEAR ALGEBRA, V. N. 


First English translation of a unique and valuable work, the only work in English present- 
ing a systematic exposition of the most important 


, double and triple checked fi racy. These tables 
Will not be found elsewhere. Author's preface. Tray Shot, Ne ac 


range and complete Presentation of Galois’ theory of alge 
| Пр! ois developed in logii than his. 
form, with a more thorough exposition than in most modern hocks Maner than applica- 
tions and fully-worked-out examples. Discusses basic theory (very clear exposition of the 
symmetric group); isomorphic, transitive, and Abelian 

Galois’ theories; and much 


ALGEBRAIC EQUATIONS, E. Dehn. 
braic equations; theories of Lag 


groups; applications of Lagrange's and 

more. Newly revised by th i Theorems, 
Xi + 208pp. 5% x В, deae ИСА $1.45 
THEORY OF SETS, E, Kamke. 


H in English Il suited for inde- 
pen ^ i main theory, such as theory of se of ашна discussed, 
ut emphasis is on general th s of set theory, arbitrary Sets 
e Sets and their order lypes, well-ordered sets and their 

‘aphy. Key to symbols. Index, vii + 144рр. 5% x 8. 
S141 Paperbound $1.35 


Number theory 


INTRODUCTION «10 IME THEORY OF NUMBERS, |. Е. Dickson. Thorough, comprehensive ар- 
Сап follow. Chana nate FATO Of classical literature, an introductor) volume beginners 
equations, ‘ete, ull toagd visibility, congruences, аше, resid Д Diophantine 
equator sd run treatment of binary quadratic forms withoi ПИТ ЖОКЕДЕ 
function, Legendre's E 5f primes, least residues Fermat's th Euler's phi 
of Thue & Siegel, many mores Ned. "отта, utomorphs,’ reduced forms, recent. theorems 
lems. Index. | figure. viii + 183рр. 538 ri al not readily available elsewhere. 239 prob- 
ELEMENTS OF NUMBER THEORY, 
Tees thee matics 95% OF" this boul Can bi 
arther than high school algebra Partial c i 
" ] rt ‘ontents: isibili: 

ples ad ur, AREE, Mime im ACRI Ter, Imperato 
in elementary number theory! толпу те, indices, etc. Covers almost every essential formula 
227pp. 5% x 8. У! Translated from Russian. 233 problems “rod, exercises. viii + 
S259 Paperbound $1.60 


etailed 1st course for persons without 
by readers who have gone no 


: 0. Carmichael. These two complete 
hool mathemati roductions to number theory, requiring only 
Cs. “Theory of Numbers," partial contents: 


equations of third, fourth, high d is": rational triangle "i enm. pA triangles, 
, higher dej E ^ tangles, Pythagorean tria Д 
of Numbers": 76 ‘problems, index: Sapp, ено f functional equations, VUE more. ‘Theory 


е Analysis"; 222 problems, Index. 118рр. 


$529 Paperbound $1.35 


CONTRIBUTIONS TO THE FOUNDING OF THE THEORY OF TRANSFINITE NUMBERS, Georg Cantor. 
These papers founded a new branch of mathematics. The famous articles of 1895-7 are 
translated, with an 82-page introduction by P. E. B. Jourdain dealing with Cantor, the back- 
ground of his discoveries, their results, future possibilities. Bibliography. Index. Notes. 
ix + 211 pp. 536 x 8. 545 Paperbound $1.25 


See also: TRANSCENDENTAL AND ALGEBRAIC NUMBERS, A. 0. Gelfond. 


Probability theory and information theory 


A PHILOSOPHICAL ESSAY ON PROBABILITIES, Marquis de Laplace. This famous essay explains, 
without recourse to mathematics the principle of probability, and the application of prob- 
ability to games of chance, natural philosophy, astronomy, many other fields, Translated 
from the 6th French edition by F. W. Truscott, F. L. Emory, with new introduction for this 
edition by E. T. Bell. 204pp. 538 x 8. $166 Paperbound $1.35 


MATHEMATICAL FOUNDATIONS OF INFORMATION THEORY, A. 1. Khinchin. For the first time 
mathematicians, statisticians, physicists, cyberneticists, and communications engineers are 
offered a complete and exact introduction to this relatively new field. Entropy as a measure of 
a finite scheme, applications to coding theory, study of sources, channels and codes, 
detailed proofs of both Shannon theorems for any ergodic source and any stationary channel 
with finite memory, and much more are covered. Bibliography. vii + 120pp. 536 x 8. 

5434 Paperbound $1.35 


SELECTED PAPERS ON NOISE AND STOCHASTIC PROCESS, edited by Prof. Nelson Wax, U. of 
Illinois. 6 basic papers for newcomers in the field, for those whose work involves noise 
characteristics. Chandrasekhar, Uhlenbeck & Ornstein, Uhlenbeck & Ming, Rice, Doob. In- 
cluded is Kac's Chauvenet-Prize winning Random Walk. Extensive bibliography lists 200 
articles, up through 1953. 21 figures. 337pp. 6/8 x 91⁄4. $262 Paperbound $2.35 


THEORY OF PROBABILITY, William Burnside. Synthesis, expansion of individual papers pre- 
sents numerous problems in classical probability, offering many original views succinctly, 
effectively. Game theory, cards, selections from groups; geometrical probability in such 
areas as suppositions as to probability of position of point on a line, points on surface 
of sphere, etc. Includes methods of approximation, theory of errors, direct calculation of 
probabilities, etc. Index. 136pp. 538 x 8. $567 Paperbound $1.00 


Vector and tensor analysis, matrix theory 


VECTOR AND TENSOR ANALYSIS, A. P. Wills. Covers the entire field of vector and tensor 
analysis from elementary notions to dyads and non-Euclidean manifolds (especially detailed), 
absolute differentiation, the Lamé operator, the Riemann-Christoffel and  Ricci-Einstein 
tensors, and the calculation of the Gaussian curvature of a surface. Many illustrations from 
electrical engineering, relativity theory, astro-physics, quantum mechanics. Presupposes only 
à good working knowledge of calculus. Exercises at end of each chapter. Intended for 
Physicists and engineers as well as pure mathematicians. 44 diagrams. 114 problems. 
Bibliography. Index. xxxii + 285pp. 538 x 8. 5454 Paperbound $1.75 


APPLICATIONS OF TENSOR ANALYSIS, A. J. McConnell. (Formerly APPLICATIONS OF THE 
ABSOLUTE DIFFERENTIAL CALCULUS.) An excellent text for understanding the application 
Of tensor methods to familiar subjects such as dynamics, electricity, elasticity, and hydro- 
dynamics, Explains the fundamental ideas and notation’ of tensor theory, the geometrical 
treatment of tensor algebra, the theory of differentiation of tensors, and includes a wealth 
Of practical material. Bibliography. Index. 43 illustrations. 685 problems. xii + 381рр. 
536 x 8. $373 Paperbound $1.85 


VECTOR AND TENSOR ANALYSIS, G. E. Hay. One of the clearest introductions to this increas- 
ingly important subject. Start with simple definitions, finish the book with a sure mastery 
Of oriented Cartesian vectors, Christoffel symbols, solenoidal tensors, and their applica- 
ions. Complete breakdown of plane, solid, analytical, differential geometry. Separate chap- 
ers on application. All fundamental formulae listed & demonstrated. 195 problems, 66 
figures. viii + 193pp. 538 х 8. $109 Paperbound $1.75 


VECTOR ANALYSIS, FOUNDED UPON THE LECTURES OF J. WILLARD GIBBS, by E. B. Wilson. 
till a first-rate introduction and supplementary text for students of mathematics and 
R Уѕісѕ, Based on the pioneering lectures of Yale's great J. Willard Gibbs, сап be followed 
Y anyone who has had some calculus. Practical approach, stressing efficient use of combi- 
Nations and functions of vectors. Worked examples from geometry, mechanics, hydrodynam- 
an Bas theory, etc., as well as practice examples. Covers basic vector processes, differential 
$0 Integral calculus in relation to vector functions, and theory of linear vector functions, 
tho ПЕ an introduction to the study of multiple algebra and matrix theory. While the nota- 
Оп is not always modern, it is easily followed. xviii + 436pp. 538 x 8 


S656 Paperbound $2.00 


fully- 
D WORKED SOLUTIONS IN VECTOR ANALYSIS, L. R. Shorter. More pages of 
кыгы. roba. than any other text on vector analysis. A self-contained course for home 
study or a fine classroom supplement. 138 Problems and examples begin with fundamen als 
then cover systems of coordinates, relative velocity and acceleration, the commutative а! "i 
distributive laws, axial and polar vectors, finite displacements, the calculus of vectors, ше 
and divergence, etc. Final chapter treats applications in dynamics and physics: kinemati 


ive 3 А dy 
d body, equipotential surfaces, etc. "Very helpful . . . very comprehensive. A han 

к "ке the’. : Nr fill a great want," MATHEMATICAL GAZETTE. Index. List of A 

important equations. 158 figures. xiv + 356pp. 538 x B. $135 Paperbound $2. 


HE THEORY OF DETERMINANTS, MATRICES, AND INVARIANTS, H. W. Turnbull. 3rd revised, cor- 
DM edition of this important study of virtually all the salient features and major theories 
of the subject. Covers Laplace identities, linear equations, differentiation, symbolic and Шү 
methods for the reduction of invariants, Seminvariants, Hilbert's Basis Theorem, Clebsch's 
Theorem, canonical forms, etc. New appendix contains a proof of Jacobi's lemma, further 
properties of symmetric determinants, etc. More than 350 problems. New references to recen 
developments. xviii + 374pp. 5¥ x 8. $699 Paperbound $2.00 


Differential equations, ordinary and partial, and integral equations 


INTRODUCTION TO THE DIFFERENTIAL EQUATIONS OF PHYSICS, 1. Hopf. Especially valuable 
to the engineer with no math beyond elementary calculus. Emphasizing intuitive rather than 
formal aspects of concepts, the author covers an extensive territory. Partial contents: Law 
of causality, energy theorem, damped oscillations, Coupling by friction, cylindrical and 
spherical coordinates, heat source, etc. Index. 48 figures. 160рр. 536 x 8. 

$120 Paperbound $1.25 


INTRODUCTION TO THE THEORY OF LINEAR DIFFERENTIAL EQUATIO| Authorita- 
tive discussions of important topics, with methods of ШЕКИЛ POP usual, for 
Students with background of elementary course in differential equations. Studies existence 
analytic сосет voeni ошоп, equations with constant coefficients, with uniform 
i ; rities; i ion: сс e- 
sentation; etc. Exercises. Index. 210pp. ЕЯ x. hypergeometric equation; conformal repr 


5629 Paperbound $1.65 
SEENA, EQUATIONS FOR ENGINEERS, р, Franklin, Outgrowth of a course given 10 
Yheoretical ‘basis ‘of Diets ost useful branch of pure math accessible for practical work. 
Neate How i EUN "si Solution of ordinary D.E.'s and partial derivatives arising from 
vergence of Fourier Series Wn ooh à, van неле equations; ШЕ о, pics. 
Formerly "Differential Equations for Electrical Engineers." rato тета, e š 


x 8. 
S601 Paperbound $1.65 


Cauchy-Lipschitz proc i 

equations и. ns with periodic coefficients; differential 

lems. Index. уу п 395pp. 6342121018; much more. Historical notes. 10 figures. 207 ОО 
* S451 Paperboun " 


and tc des given at Columbia, Lr 
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waves to apply to ali рана) differential equations, It extends sphorinal ТИГ 
fundamental formula, equations with odd number "with “gual contents: Cauchy's prona 
lables; method of descent, 32 figures. Index, jij * Зїбрр, Eo rou independent 196 


ons, normal functions, Fourieps ser е: deduction of differential equations, vibra- 
Riemann-Volterra. Spherical, ical е5, |Саисћу' method, by thod of 
vil + 440pp. 536 эпе cylindrical, ellipsoidal harmoniés, oundary problems, me 


* Ince. A most со 
tions in an infinite form, definite ature of Solutions, conti 


mpendious analysis in real and 
lems, existence theorems, 1st order. eels algebraic theo 


uous transformation groups, solu- 
ord fr. elc “Desara тап theory, boundary ртов. 

al literature," ‚ AM, Deserves the highest praise, a notab 
liography. 18 figures. viii + 558рр. syp ULLETIN, AM, MATH. got" Historical api endix РБ 
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THEORY OF DIFFERENTIAL EQUATIONS, A. R. Forsyth. Out of print for over a decade, the 
Complete 6 volumes (now bound as 3) of this monumental work represent the most com- 
prehensive treatment of differential equations ever written. Historical presentation includes 
in 2500 pages every substantial development. Vol. 1, 2: EXACT EQUATIONS, PFAFF'S 
PROBLEM; ORDINARY EQUATIONS, NOT LINEAR: methods of Grassmann, Clebsch, Lie, Dar- 
boux; Cauchy's theorem; branch points; etc. Vol. 3, 4: ORDINARY EQUATIONS, NOT LINEAR; 
ORDINARY LINEAR EQUATIONS: Zeta Fuchsian functions, general theorems’ on algebraic 
integrals, Brun's theorem, equations with uniform periodic coffiecients, etc. Vol. 4, 5: 
PARTIAL DIFFERENTIAL EQUATIONS: 2 existence-theorems, equations of theoretical dynamics, 
Laplace transformations, general transformation of equations of the 2nd order, much more. 
Indexes. Total of 2766pp. 538 x 8. $576-7-8 Clothbound: the set $15.00 


2 page set is by an 
expert in his field: Caratheodory, Courant, Frank, Mises, and a dozen des. Vol. ү оп 


MATHEMATICAL ANALYSIS OF ELECTRICAL AND OPTICAL WAVE-MOTION, Harry Bateman. Written 

by one of this century's most distinguished mathematical physicists, this is a practical 

introduction to those developments of Maxwell's electromagnetic theory which are directly 

Connected with the solution of the partial differential equation of wave motion. Methods of 

Solving wave-equation, polar-cylindrical coordinates, diffraction, transformation of coordinates, 

homogeneous solutions, electromagnetic fields with moving singularities, etc. Index. 168pp. 
x 8. 


S14 Paperbound $1.60 


See also: THE ANALYTICAL THEORY OF HEAT, J. Fourier; INTRODUCTION TO BESSEL FUNC- 
TIONS, F. Bowman. 


Statistics 


ELEMENTARY STATISTICS, WITH APPLICATIONS IN MEDICINE AND THE BIOLOGICAL SCIENCES, 
- E. Croxton. A sound introduction to statistics for anyone in the physical sciences, assum- 
ng no prior acquaintance and requiring only a modest knowledge of math. All baste 
formulas carefully explained and illustrated; ail necessary reference tables included. From 
asic terms and concepts, the study proceeds to frequency distribution, linear, non-linear, 
and multiple correlation, skewness, kurtosis, etc. A large section deals with reliability 
and significance of statistical methods. Containing concrete examples from medicine and 
iology, this book will prove unusually helpful to workers in those fields who [Ше 
Must evaluate, check, and interpret statistics. Formerly titled "Elementary Statistics wit 
Applications in Medicine." 101 charts. 57 tables. 14 appendices. Index. iv + 376pp. 538 x 8. 


бр 
5506 Paperbound $1.95 


METHODS OF STATISTICS, L. H. C. Tippett. A classic in its field, this unusually complete sys- 
ematic introduction to statistical methods begins at beginner's level and progresses to 
advanced levels for experimenters and poll-takers in all fields of statistical research. Sup- 
Plies fundamental knowledge of virtually all elementary methods in use today by sociologists, 
Psychologists, biologists, engineers, mathematicians, etc. Explains logical and mathematical 
toe of each method described, with examples for each section. Covers frequency distribu- 
‘Ons and measures, inference from random samples, errors in large samples, simple analysis 

Variance, multiple and partial regression and correlation, etc. 4th revised (1952) edition. 

charts, 5 Significance tables. 152-item bibliography. 96 tables. 22 figures. 395pp. 6 x 9 


$228 Clothbound $7.50 


STATISTics MANUAL, E. L. Crow, F. A. Davis, M. W. Maxfield. Comprehensive collection of 
Test Sel Modern statistics methods, prepared under auspices of U. S. Naval Ordnance 
о 


all т, China Lake, Calif. Many examples from ordnance will be valuable to workers in 

tun fields, Emphasis is on use, with information on fiducial limits, sign tests, Chi-square 

Operan ensitivity, quality control, much тоге. ‘Well written . . . excellent reference work,” 
ns 


App Research. Corrected edition of NAVORD Report 3360 NOTS 948. Introduction. 
endix of 32 tables, charts. Index. Bibliography. 95 illustrations. 306pp. 538 x 8. 


5599 Paperbound $1.55 


ANALYSIS & DESIGN OF EXPERIMENTS, H. B. Mann. Offers a method for grasping the analysis 
of variance and variance design within a short time. Partial contents: Chi-square distribution 
and analysis of variance distribution, matrices, quadratic forms, likelihood ration tests and 
tests of linear hypotheses, power of analysis, Galois fields, non-orthogonal data, interblock 
estimates, etc. 15pp. of useful tables. x + 195pp. 5 x 736. S180 Paperbound $1.45 


Numerical analysis, tables 


PRACTICAL ANALYSIS, GRAPHICAL AND NUMERICAL METHODS, F. A. Willers. Translated by 
R. T. Beyer. Immensely practical handbook for engineers, showing how to interpolate, use 
various methods of numerical differentiation and integration, determine the roots of a single 
algebraic equation, system of linear equations, use empirical formulas, integrate differential 
equations, etc. Hundreds of shortcuts for arriving at numerical solutions. Special section on 
American calculating machines, by T. W. Simpson. 132 illustrations. 422pp. 538 x 


B. 
$273 Paperbound $2.00 


NUMERICAL SOLUTIONS OF DIFFERENTIAL EQUATIONS, Н. Levy & E. A. Baggott. Comprehensive 
Collection of methods for solving ordinary differential equations of first and higher order. 
All must pass 2 requirements: easy to grasp and practical, more rapid than school methods. 
Partial contents: graphical integration of differential equations, graphical methods for de- 
tailed solution. Numerical solution. Simultaneous Equations and equations of 2nd and higher 

Н n in research in a i ing," 
NATURE. 21 figures. viii + 238pp. 538 x B. polled melos nates. teachings 


raph prepared for Nati Milne & Bateman. ШЙ, 
methods of integration of differential equations develope Or National Research Council. Ne 


bibliographic; 235-item classified bibliography. 108p. oi physicists, ae footnotes ND 


examples throughout. Special tables 
+ Indexes. 253 diagrams. 72 tables. 400рр. 
5244 Paperbound $2.45 


‘ons, natural logs, etc. You will 
here; any more comprehensi Е gg transcendental t included 
xii + 154pp. 600 р oye Sive set of tables costs at least $12 or $15. REN 


ELLIPT 5225 Paperbound $1.65 
PTIC INTEGRAL 
Maxfield. Thi OF THE 
kind, prepared isrgco™plete 6 place tables of values of ile te ЛИШ, н.а. зенне; t5 
Test Station. Calculated. с2491С65 of the Researc nt of Que integral of the third 
checking and a check inter ап {8M type 704 calculator and thoroughly ve Mal Буш: 
i 9f each value of a. Of inestimable qae 
i i ап only be expressed in terms 
thermodynamics, LED hied and lower kinds; problems ‘in dero, fluid, and 
Circular Current; ete Pes 01 Seismological Problems; problems repetitive ‚ volumes must Be 
56 х 838. i d ord, Acknowledgment, Introduction. “Use ат tug potentials Sospp. 
MATHEMATICAL TABLES, 


H. B. Dwight, Uni S501 Clothbound $7.50 
function of import, тър НТЕП. Unique for its в 
Three extremely fine. dati applied mathematics, Coverage in one volume of almost every 


i les of th ^ an i fences. 
thousandths of radians; natural and ШОШ) ТШЕ functions апа their e Biysical. selenc "n 


and the in i 3 ^ 
ist and 2nd hind eee functions; (аз Cubes; hyperbolic functions 


Š cosine ii г 07 ех. 1да; complete єр пе 
Edler numbers angel" SO surface ton Ronen integrals tio н c eie tob the 
eir logs to base of 10. and fi i n 

over 60 pages of Be ions; the „10; Gamma ion; ТА B 
БУУ) used, sources of mare qt, Riemann Zeta pou УН bbe ИНН formulae 
Columns of differences, to facilitate interpolation. Трое a on, data, ete. Pus du 
. . Viii pp. - 

$445 Paperbound $1.75 


A TABLE OF THE INCOMPLETE 


TABLES OF FUNCTIONS WITH FORMULAE AND CURVES, E. Jahnke & F. Emde. The world's most 
comprehensive l-volume English-text collection of tables, formulae, curves of transcendent 
functions. 4th corrected edition, new 76-page section giving tables, formulae for elementary 
functions—not in other English editions. Partial contents: sine, cosine, logarithmic integral; 
factorial function; error integral; theta functions; elliptic integrals, functions; Legendre, 
Bessel, Riemann, Mathieu, hypergeometric functions, etc. Supplementary books. Bibliography. 
Indexed. “Out of the way functions for which we know no other source," SCIENTIFIC COM- 
PUTING SERVICE, Ltd. 212 figures. 400рр. 538 x 8. $133 Paperbound $2.00 


JACOBIAN ELLIPTIC FUNCTION TABLES, L. M. Milne-Thomson. An easy to fol 
book which gives not only useful numerical tables, but also a Complete Четке аа 
of the application of elliptic functions. It covers Jacobian elliptic functions and a description 
of their principal properties; complete elliptic integrals; Fourier series and power series 
expansions; periods, zeros, poles, residues, formulas for special values of the argument; 
transformations, approximations, elliptic integrals, conformal mapping, factorization of cubic 
and quartic polynomials; application to the pendulum problem; etc. Tables and graphs form 
the body of the book: Graph, 5 figure table of the elliptic function sn (и m); cn (и m); 
dn (и m). 8 figure table of complete elliptic integrals К, K^, E, E’, and the nome q. 7 figu 
table of the Jacobian zeta-function Z(u). 3 figures. xi + 123pp. 538 x 8. + к 
$194 Paperbound $1.35 


PHYSICS 


General physics 


FOUNDATIONS OF PHYSICS, R. B. Lindsay & H. Margenau. Excellent bridge between semi- 
popular works & technical treatises. A discussion of methods of physical description, con- 
Struction of theory; valuable for physicist with elementary calculus who is interested in 
ideas that give meaning to data, tools of modern physics. Contents include symbolism, math- 
ematical equations; space & time foundations of mechanics; probability; physics & con- 
tinua; electron theory; special & general relativity; quantum mechanics; causality. “Thor- 
ough and yet not overdetailed. Unreservedly recommended," NATURE (London). Unabridged, 


corrected edition. List of recommended readings. 35 illustrations. xi + 537pp. 538 x 8. 
$377 Paperbound $2.45 


FUNDAMENTAL FORMULAS OF PHYSICS, ed. by D. H. Menzel. Highly useful, fully inexpensive 
reference and study text, ranging from simple to highly sophisticated operations. Mathematics 
integrated into text—each chapter stands as short textbook of field represented. Vol. 1: 
Statistics, Physical Constants, Special Theory of Relativity, Hydrodynamics, Aerodynamics, 
Boundary Value Problems in Math. Physics; Viscosity, Electromagnetic Theory, etc. Vol. 2: 
Sound, Acoustics, Geometrical Optics, Electron Optics, High-Energy Phenomena, Magnetism, 


Bi . Index. Total of 800рр. 5% x 8. Vol. 1 S595 Paperbound $2.00 
шше тезе повно hn Vol. 2 $596 Paperbound $2.00 


MATHEMATICAL PHYSICS, D. H. Menzel. Thorough one-volume treatment of the mathematical 
techniques vital for classic mechanics, electromagnetic theory, quantum theory, and rela- 
tivity. Written by the Harvard Professor of TREES for junior, senior, and graduate 
Courses, it gives clear explanations of all those aspects of function theory, vectors, matrices, 
dyadics, tensors, partial differential equations, etc., necessary for the understanding of the 
various physical theories. Electron theory, relativity, and other topics seldom presented 
appear here in considerable detail. Scores of definitions, conversion factors, dimensional 
constants, etc. “More detailed than normal for ап advanced text . . . excellent set of sec- 

j ^" JOURNAL OF THE FRANKLIN INSTITUTE. Index. 


i , Matrices, and Tensors, 
опе able ne. with answers. х + 412рр. 5% x 8. S56 Paperbound $2.00 


Dover publishes books on art, music, philosophy, literature, languages, history, social 
sciences, psychology, handcrafts, orientalia, puzzles and entertainments, chess, pets 
explaining science, intermediate and higher mathematics math- 
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Tables of Indefinite Integrals (Tafeln der Unbestimmten Integrale), 
G. Petit Bois» $1.65 


Functions of a Complex Variable, James Pierpont $245 
The Theory of Functions of Real Variables, J. Pierpont 2-vol. set $4.90 
> Introduction to the Theory of Linear Differential Equations, E.G. Poole $1.65 
Collected Works of Bernhard Riemann (in German) $2.85 
T: e Elements of Mathematical Logic, Paul Rosenbloom $145 
Theory of Functions as Applied to Engineering Problems, 
R. Rothe, F. Ollendorff, K. Pohlhausen $1.35 
A Table of the Incomplete Elliptic Integral of the Third Kind, 
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ANALYSIS AND DESIGN OF EXPERIMENTS 
by H. B. Mann 


This book is a mathematically rigorous extensive discussion of an 
important area in modern mathematics: design of experiments, or 
the analysis of variance and variance designs as statist'cal proces 
dures. Emphasis is upon rigorous mathematical treatment, including 
proofs, formula derivation, and principles of statistical inference. 


The first six chapters of this book cover the theory of the analysis 
of variance, with full discussion of chi square distribution, F distribu- 
tion functions, analysis of variance in one-way and r-way classifica- 
tion, and distribution of variance ratio when the null hypothesis. is 
false, with inclusion of Tang's tables. Experimental design is treated 
in chapters on Latin squares and incomplete balanced block designs, 
Galois fields and orthogonal Latin Squares, construction of incom- 
plete balanced block designs, factorial expefiments, and randomized 
designs, blocks, and quasi-factorial designs. Non-orthogonal data 
are considered in a separate chapter, while analysis of covariance, 
interblock estimates and variance are also considered. 


This volume has been directed toward .three groups of readers: 


, mature mathematicians who wish a knowledge of the subject; 
' graduate. or undergraduate cla 


and statisticians. While trea 
bility calculus and matrix t 


sses; and practicing experimenters 
tment is clear, a knowledge of proba- 
heory will be helpful to the reader. 
“This excellent work is one whi 
interested in the foundatio 
useful and stimulating,” 


ch every mathematician in any way 
ns of experimental design will find both 
AMERICAN STATISTICAL JOURNAL. “Ex- 


position is admirably clear throughout . . . the book should prove 
both useful and Stimulating,” QUARTERLY OF APPLIED MATHE- 
MATICS. 


14 pages of useful tables, 195pp. 5% x 8, 


S180 Paperbound. $1.45. 
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